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Chapter - 1 


Basic Concepts 


1.1 Complex numbers 
Def. Complex Numbers : A number of the form x+iy is called a complex number and is denoted by 
z=x+1y; where x and y are real numbers and i = Nai 
Def. Conjugate of a complex number : If z= x+iy be a complex number then the conjugate of z is 
denoted by z , and is defined as z= Bie 


Def. Modulus of a complex number : The modulus of a complex number z= .x-+iy is denoted by 


[2 = |x +iy| and is defined as the non negative real number given by, [2| = 4) x + a : 


Def. Modulus-argument form or polar form or trigonometric form of a complex number : Every 
non-zero complex number z=x+iy can be put inthe form z= r(cosO +i sin @ ) , where r and @ are 
both real numbers i.e. x +iy = r(cos@ +1 sin @ ) =re The angle 6 of inclination of the number z, 


which will always be measured in radians from the positive real axis, is positive when measured 


counter clockwise and negative when measured clockwise. The angle @ is called an argument of z 
and is denoted by @ = arg(z). 

Def. Principal Argument : The symbol arg(z) actually represents a set of values, but the argument 
6 of acomplex number*that lies in the interval —z <@ <7 is called the principal value of arg(z) or 
the principal argument of z. The principal argument of z is unique and is represented by the symbol 
Arg(z) ie., axpArg(z)<z. In general, arg(z) = Arg(z)+2nz, n=0,+1,+2, 

De Moivre’s theorem : 


(1) Af n be.any integer, positive or negative, then (cos +i sin0)" =cosnd +isinné. 


(11) Ifn be a fraction, positive or negative, then one of the values of (cos O+i sin0)" is 


cosné +isinné. 


Properties : Let z be any complex number then 


1. (z)=2 


2. If z=x+iy, then z+z=2Re(z) and z-z=2iIm(z) 
3. zis purely real iff z-z=0 

4. zis zero or purely imaginary iff z +z=0 

». zz =|z|" 


Properties : Let z,andz, be any complex numbers then 


f Zyl = ZF Zo 2. <1 £2 = &1 — £2 


eee g Zz ; 
» 2% = YZ 4. (2 = = ; provided z, #0 
2 2 


4 [zy £22] <|a|+|z9| 6. lz + 29| =| |z1|-|zol| 
- [iz2| = zi]. [20| ae : , #0. 


- arg(Z) =—arg(z) 
: |Z, + z,| =|z,|+|z,| iff arg z,—argz, = 2n7z 
- |g — Zo] = [ai] +|Zo] iff arg (<,)-arg(z,)=(2n+1)z 
| 22, +Z,z, =0 iff arg(z,)—arg(z,)=(2n1)> 
. 22, —%2, iff arg(z,)—arg(z,)=nm 


. Parallelogram Law: Fa + zal f Fa = i = (zu if +E eal” 


. arg (zz) =argz+argz, and arg [a 
Z 


=argz—argZ> 5 provided Zo # 0 


2 
. In general, Arg(Zzy) # Arg z+ Arg zp. 
. If Re(z;)>0 and Re(z,)>0, then Arg(z,z2) = Arg(z,)+Arg(z2). 


. The order relations greater than or less than do not apply to complex numbers i.e., the statements 


> 2 Or z < Z are meaningless. 
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Exercise 1.1 


. Write the given complex number in polar form and then in the form a+ib 


r 3 
3 3 
8} cos— +isin — 
; m ..m)° x ..#\? - 8 =) 
(i) | cos—+isin— 2| cos—+isin— = 
9 9 6 6 1 1 10 
2( cos * + isin = 
L 16 16 


. Find the positive integer n for which the equality holds : 


(i) Gar yao » (22) =] 


pi Z 2 


. Find one value of arg z when 


. —2 2 1 N .\6 
@ 2-0 (i) 22 (ii, z =(V3 -i) 


. Write the given complex number in polar form using an argument 0 # Arg (z) and then using 


6 = Arg(z) 


(i) —3i 


(iv) -2-2V3i 
. For the complex numbers z,;=—1 and z, =5i, verify that : 


(a) Arg(zz.) # Atg(z,)+ Arg(z, ) (b) Arg(z/z))=Arg(z,)—Arg(z ) 


Answers 


- @) 32{ cos “24 + isin} 16(3 +i] (ii) 4 {cos-+isin 4 
wy" 3 (ii) n=8 


. (i) = (11) “6 Gu) Liz 


(ii) 5/2 [cos +isin 7) z 5/2 co (-4) +isin (-*)} 
4 4 4 4 


(iii) 6{ cos 4 jn ee, 
6 6 


(v) 


——| cos — +isin 
2 4 4 


5 Die htc OTe 


1.2 Regions and Domains 


Def. Circle: The equation of a circle with center zg and radiussrsis defined as |z — Zo| =r. 

Def. Open disc: The equation of an open disc with center zg and radius r is defined as |z - Zo| <P: 
Def. Closed disc: The equation of a closed disc with center zp and radius r is defined as |z 7 Zo| =e a 
Def. Punctured disc: The equation of a punctured disc with center zg and radius r is defined as 
0<|z-z|<r or 0<|z-z|<r. 

Def. Annulus : The set S, of points satisfying the inequality 7, < |z 7 Zo| lie exterior to the circle of 
radius 7 centered at z), whereas the set S, of points satisfying |z = Zo| <1 lie interior to the circle of 
radius 7 centered atZ). Thus, if/0 < 7 <1, the set of points satisfying the simultaneous inequality 

Hh < |z 5 Zo| <1, is the intersection of the sets S$, and S,. This intersection is an open circular ring 


centered at Zz) and/is called an open circular annulus. 


Def. Neighborhoods : A set S is said to be a neighborhood of a point z, if there exists an open disc 


centered at z) which is entirely contained in S and the point zg is said to be an interior point of S. 
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Def. Deleted neighborhood : A set S is said to be a deleted neighborhood of a point zg if there exists 
an open disc centered at z, which is entirely contained in S excluding the point Zo. 


Def. Open sets : A set is said to be an open set if it is neighborhood of each of its points. In other 


words, if every point z of a set S is an interior point, then S is said to be an open set. 


Def. Connected Set : If any pair of points z, and z, ina set S can be connected,by a polygonal line 


that consists of a finite number of line segements joined end to end that lies entirely in the set, then the 


set S is said to be connected. 


29 i 


*ii/ 


Def. Domain : An open connected set is called a domain. 


Def. Regions : A region is a set of points in the complex plane with all, some, or none of its boundary 


points. Since an open set does not contain any boundary points, it is automatically a region. A region 


that contains all its boundary points is said to be closed. The disc defined by |z = Zo| <r is an example 


of a closed region and referred to as a closed disc. A neighborhood of a point zg defined by 


|z = Zo| <r is an open set or an open region and is said to be an open disc. 


Def. Bounded Sets : A set S in the complex plane is bounded if there exists a real number. R >O»such 
that Fa <R for every z in S. That is, S is bounded if it can be completely enclosed within some 


neighborhood of the origin. 


Some Geometric Loci in complex plane : 


1. {z eC: \z = z,| = \z = z,|} represent the perpendicular bisector of line segment joining z, and z,. 


2 {z eC: |z = z,|+ |z = Z| = kK} represent the ellipse with foci z, and z,. 


Exercise 1.2 


1. Sketch the graph of the given equation in the complex plane : 
(i) |z-4+3i]=5 (ii) [2z-1|=4 (iii) Im(Z+3i)=6 
(iv) Im(z-i)=Re(z+4-3) (y) |Re(1+iz)|=3 (vi) 2° +77 =2 

2. Sketch the set S of points in the complex plane satisfying the given inequality. Determine whether 
the set is (a) open, (b) closed, (c) adomain, (d) bounded or (e) connected. 


(i) 2<Re(z-1)<4 (ii) [Re(z)|>2 (iii) -1<Im(z)<4 


(iv) Re((2+é)z+1)>0 (v) Im(z)<Re(z) (vi) Re(z?)>0 


(vii) 2<|z-3+4i)<5 (viii) 1<|z-1-i]<2 
3. Sketch the set of points in the complex plane satisfying the given inequality 


(i O<arg(z)< (ii) ~a <arg(z)< > 


Answers 
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(a) yes (b) no (¢) yes n 


(ii) [= 


o (e) yes 

=4,, 
V/s 
y=-l 


(a) yes (b) no (c) no 
y 


a 


(a) yes (b) no (c) yes (d) no (e) yes 


N 
N 


§ i 


(a) yes (b) no (c) yes (d) no (e) yes (a) yes (b) no (c) no (d) no (e) ho 


(b) yes (c) no (d) yes (e) yes (a) no (b) no (c) no (d) yes (e) yes 


1.3 Some Elementary Functions 


Def. Complex exponential function : The complex exponential function is defined as 


e* =e" =e*(cosy+isiny) 


J.R. INSTITUTE OF MATHEMATICS 


189/35 BEHIND RAILWAY STATION, VAISH COLLEGE ROAD, ROHTAK PIN-124001 (HARYANA) 
E-mail us on - jrinstituterohtak@ gmail.com, balwanmudgil54@ gmail.com Mob. 8607383607, 9802177766 


Page 9 


Results : 


1. The modulus of e* is given by 


2. The argument of e* is given by arge* = y+2nz ; n=0,+1,42..... 


Zz 


3. The conjugate of e* is given by (c’) =e 


4. If z, and z, are complex numbers then 
: 0_ we A pk. — pytrs iiss yf 4% — pur-X A a — N& 
(i) e =1 (ii) e“.e? =e (ili) e*'/e* =e (iv) {e =e 


5. The complex exponential function e* is periodic with purely imaginary period of 27. 


6. For z=x+ly, 
(i) e* >O when y is an even multiple of z. 
(ii) e* <O when y is an odd multiple of z. 


(ili) e* is purely imaginary when y is an odd multiple of ‘ 
(iv) le"| <1 when y>0 

(v) le"| >1 when y<0O 

(vi) le’ =| <el-1< Iz|e" for any zeC 


(vii) lexp(z*)| < exp(|z|’} 
Def. Complex sine and cosine functions : The complex sine and cosine functions are defined as 


. e e+e % 
sin Z = ——>— and cos Z = ———— 
2i 2 


Def. The complex tangent, cotangent, secant and cosecant functions are defined as 


sin Z cos 1 
tan z= y cotz= ecz= , cosec Z = — 
COS Z COS Z sin Z 


Results ; 


1. sin z =sin x cosh y+icosx sinh y 2. cosz=cosx cosh y—isinx sinh y 
3. |sin z|=,/sin* xcosh” y+ cos” xsinh” y 4. |cos z|=4/cos* xcosh” y+ sin? xsinh” y 
5. “sin =O: iif zane 6. cosz=0 iff z= (2n+1)> 


7. sin z,cos z,cosec z and cot z have real periods of 27 . 


8. tan z and cot z have real period 7. 

9. It is important to recognize that some of the properties of real trigonometric functions are not 
satisfied by their complex counter parts. e.g. |sin | <1 and |cos x| <1,but |sin 2 and |cos | are 
unbounded. 

10. For z=x+iy, sin z| +|cos z| =l1@z=x, areal. 

Def. Complex hyperbolic functions : The complex hyperbolic sine and hyperbolic cosine functions 

anne 


ete * 


2 


: . e 
are defined as_ sinh z = and coshz= 


Def. The complex hyperbolic tangent, cotangent, secant and cosecant functions)are defined_as 


tanhz = 


Results : 


1. sin z=—isinh(iz) 


4. cosh z =cos(iz) 5. 


sinh z 
cosh z 


cosh z 
; coth z= : 


sinh z 


7. For z=x+y, sinh y <|sin(x+iy)|< cosh y 


8. For z=x+iy, sinh y <|cos(xtiy)|< cosh y 


Table of formulae : 


sech z= 


2. cosz=cosh(iz) 


sinh z =0 iff z=nzi 


1 
; cosech z = — 
cosh z sinh z 


3. sinh z =—i sin (iz) 


6. coshz=0 iff z= (2n+1)Fi 


Sr. No. 


Trigonometric Functions 


Hyperbolic Functions 


(i) 


2 


sin? z+€0s* z=1 


cos h7z —sin h>z =] 


(ii) 


sec? z—tan” eek 


sech*z + tanh? z=l 


(iii) 


cosecz ~cot” z=1 


coth” z —cosech*z =! 


(i) 


sin(z, + 22) = sin Zz) COS Z4 £ COS Z, SiN Z> 


sinh(z, = z,) = sinh z, cosh z, + cosh z, sinh z, 


(ii) 


COS(Z, + Z) = COS Z; COS Z> F SIN Z; SIN Zy 


cosh(z, +z) = cosh z, cosh z + sinh z, sinh z, 


(iii) 


tan z, + tan z 
tan(z, £Z) = pie ea 0 
1} tan z, tan z, 


tanh z, + tanh z, 


tanh (z+ 24) = 
1+ tanh z, tanh z, 


(i) 


sin(—z) =—sin z 


sinh (—z) = —sinh z 


cos(—Z) = COs Z 


cosh (—z) = cosh z 


tan(—z) = —tan z 


tanh (—z) =—tanh z 


sin 2z = 2sin zcos z 


sinh 2 z = 2sinh zcosh z 


cos2z=cos* z—sin? z 


cosh2z =cosh? z+ sinh? z 
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2tan z 
tan2z= 


1—tan” Zz 


2tanh z 


tanh2z= a a 
1+tanh~ z 


sin3z =3sin z—4sin® z 


sinh3z =3sinh z+ 4sinh? z 


cos3z =4cos? z—3cosz 


cosh3z = 4cosh? z—3cosh z 


3tan z —tan? Zz 


tan3z= ; 
1—3tan~ z 


3tanh z+ tanh? Zz 


tanh3z = 7 
1+3tanh~ z 


2sin AcosB =sin(A+B)+sin(A—B) 


2sinh AcoshB =sinh(A + B)+sinh (A —B) 


2cos Asin B =sin(A + B)-—sin(A-—B) 


2cosh A sinh B = sinh(A +B) sinh(A—B) 


2cos AcosB =cos(A + B)+cos(A —B) 


2cosh Acosh B = cosh(A +B)+ cosh (A — B) 


2sin Asin B =cos(A — B)—cos(A +B) 


2sinh A sinh B = cosh(A +B)—cosh (A — B) 


C+D  C-D 
cos 


2 


sinC +sin D = 2sin 


{eo} 


sinh +sinhD =2sinh > cosh =? 


(ii) sinC-sinD = 2cos => sin? 


sinh C&sinh D = 2cosh > sinh =? 


(iii) 


cosC +cos D = 2cos 


C-D 


cosh'@+ cosh D = 2cosh e 5 Pp cosh 


(iv) C+D 


cosC —cos D = 2sin 7 sin 


C-D 
2 


cosh C —cosh D = 2sinh e 5 = sinh 


Def. Complex Logarithmic Function : The complex function log z is defined as 


log z = log, |z|+iarg(z) 


Properties : 


(i) log(zz2) =log z, + log zs (ii) oe 


4] 
£2 


=log z,—log z, (iii) log z" =n log z 


Result : Real logarithmic function is defined for positive real numbers only whereas complex 


logarithmic function is defined for all non-zero complex numbers. 


Example slog(—5),log(—7) are not defined in real analysis but they are defined in complex analysis. 


log(O) is never defined. 


Example : Find all complex solutions to each of the following equations : 


(a) e” =i 


(b) e” =1+i 


(c) e” =-2 


Solution : For each equation e” = z, the set of solutions is given by w=logz where 


log z=log, |z|+iarg(z) 


_ a 


(a) For z=i, we have [z| =1 and arg(z) 5 + 2nz , we obtain 


4n+1 
w=logi=logg1 +f £2 => wo nee, n=0,+1,+2..... 


Tt» 38 yk. gn , ; 
Therefore, each of the values w=..., 5 1, 5 L; 5 i, 5 i,.... Satisfies the equation e” =i. 


(b) For z=1+i, we have |z|=V2 and arg(z)= + 2na, we obtain 


w=log(1+/)=log, V3 +i{ 24 2na 


g 2 Bree, n= 041,49... 


Each value of w is a solution to e” =1+i. 


(c) For z=—2, we have [z| =2 and arg(z)=7 + 2nz_, we obtain 
w =log(-2)=log,2+i(a+2nz) 
= w=log,2+(2n+1)z i, n= 0b. 


Each value of w is a solution to e” =—2. 
Def. Principal value of the complex logarithm : The principal value of the complex logarithm is 


denoted by Logz and is defined as ~LogZ=log,|z|+i Arg (z) 


Example : Compute the principal value of the complex logarithm 


(a) Log() (b) Log(. +1) (c) Log(-2) 


Solution : (a) For z =i, wehave |z|=1 and Arg(z) => and sO 
1 1 
Logi =log,1+ =i = Logi= “i 
ogi=log.1+ 7 ogi= Ti 
(b) Forez =1+i, we have |z|=V2 and Arg(z)=7 and so 
Log(1+i)=log, v2 +7 


= Log(I+i)=slog, 244 


(c) For z =—2, we have |z|=2 and Arg(z)=7 and so 


Log(—2) =log,2+ zi 
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PERIODIC TABLE 


Complex function | Periodic | Period | Real function | Periodic | Period 


Yes 2ni 


Yes 27 


Yes 21 


Yes 
Yes 


Exercise 1.3 


. Find the real part, imaginary part, modulus and conjugate of the following functions : 
(i) f (z)=e (ii) f(z)=e” (iii) f(z)se (iv) f (z)=sinz 
(v) f (z)=cosz (vi) f(z)=sinhz — (vii) f(g)=coshz 

. Solve the following equations : 
GQ) 2*=0 (ii) e* =1 (ii?) e* =-1 (iv) sinz=0 
(v) sinz=1 (vi) sin z=~1 (vil) cos z =0 (viii) cos z=1 


(ix) cosz=—l (x) sinhz=0 (xi) cosh z =0 

. Show that the complex exponential function, complex trigonometric functions and the complex 
hyperbolic functions are periodic. Also find their periods. 

. How many real counter parts of above functions are periodic. Find the period wherever applicable. 


Write the given expression in terms of x and y 


(i) |e? (ii) arg(e***)) (iii) ie@ 41 


Find all complex values of the given logarithm 

(i) log(—S) (ii) log(—2+ 2i) (iii) log(V2 + Yo) 
(ivy log(—ei) (v) log(1+i) (vi) log(—V3 +i) 
Write’ the principal value of the logarithm in the form a+ib 

(i) Log(6—6i) (ii) Log(-e”) (iii) Log| (I+ 3 J (iv) Log| (1+)* | 


Answers 


. (i) e* cos y;e* sin y;e* 3e* (ii) e cosx;—e> sinx;e” ;e'* 


te ae 2 2 
(iii) e cos (2xy);e sin (2xy);e se 


(iv) sin xcosh y;cosx sinh y s4/sin? xcosh? y +cos* xsinh? y;sinZ 


2 2 


xsinh? y ;COSZ 


(vi) sinh xcos y;coshxsin y;,/ sinh? xcos” yt cosh? x sin? y ;sinh Z 
‘sf we : : 2 2 sis OF ae ca. h = 
(vii) cosh xcos y;sinh xsin y;,/cosh* xcos~ y+sinh* xsin~ y ;coshZ 


2. (i) Such a z does not exist. (ii) z=2nzi,neZ (iii) ¢=(2n+1)zi,neZ 


(v) cosxcosh y;—sin x sinh y;/cos xcosh? y+sin 


(iv) z=na, neZ (v) c=(4n4+1), neZ (vi) (4n-1) Me Z 
(vii) z=(2n+l)<, neZ (vill) z=2nz7,nEZ (ix) z H( 2nd, neZ 
(x) z=nai, neZ (xi) z= (2n41)Fi, neZ 
5.) eh (ii) 2x+2nm, n=0,+1,42,.. (iii) 1—e* (sin y+icos y) 


6n+1 
6. (i) log, 5+(2n+1)zi (ii) “log aad Gi) 30g, 24+! n+l) 


n+l 12n+5 
(iv) 14+5(4n43)xi (v) : ee 4 (i wg 04S — Jus 


7. (i) slog, 72-27 (i) 2+7i (111) Slog, 2-27 (iv) log,4+7i 
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16. The domain of the function 


True-false exercise 
Re(z,z,) = Re(z,)Re(z,). 
|z-1|=|z-1]. 

If Im(z)>0, then Re(1/z)>0. 
i<10i 
If z #0, then Arg(z+z)=0. 


ralsal + 


_ 1 
emul 
Z 
arg(—2+10i) = 2 —tan'(5)+2nz for 
neZ. 


If z is a root of a polynomial equation 


n-1 


a,z +a,,z" +..+az+a,=0, then Z \s 


also a root. 


. For any nonzero complex number z, there 
are an infinite number of values for arg(z) . 


If |z—2|<2, then fang(2)| <5 


. The equation (z=1, na positive integer, 
will have onlyfeal solutions for n =1 and 
n=2. 


. If f(z) is a complex function, then 
f(x+01) must be a real number. 


. Rez? >0 for all zeC\{0}. 


. The domain of the function f(z) = 7 - 18 
Z +1 


all complex numbers. 


oe 
f(z) =e* 92"? ig all complex numbers. 


_ If f(z) is a complex function with 


u(x, y) =O, then the range of f lies in the 
imaginary axis. 


. The range of the function f(z) =Arg(z) is 


all real numbers. 


. There are no solutions to the equation 


Arg(z) = Arg(z?). 


. There are infinitely many solutions z to the 


equationve’ =w. 


‘ <=. 
2 


ydm(In z) = arg(z). 
. Ln zis an entire function. 


. COSZ iS a periodic function with a period of 


27 . 


. The set of points z such that |z +bi| < Iz +b, 


b>0 is the half-plane {z=x+iy: y< x} 


. The inequality |Z, —z,| < IZ + Z| holds 


provided either Rez, >O0 and Rez, >0, or 
Rez, <0 and Rez, <0. 


. Two complex numbers z, and z, whose 


sum and difference are real and purely 
imaginary, respectively, must satisfy 


22 =%- 


. The roots of the equation tan z+cot z =2 


are at z=(4k+1)7/4, keZ. 


29. If the sum and product of two complex 


numbers are both real then either both the 
complex numbers are real or one is 
conjugate of the other. 


. The inequalities Rez >0O and |z — 1| < |z + I| 


are equivalent. 


. The inequalities [z| <1 and Re (=) >0 
mee 


are equivalent. 


._ If f is any one of the six hyperbolic 
(circular) functions, then, for all z eC, 


FO=fQ@. 


. For Rez; >0 (j =1,2), 

. The complex roots of a quadratic equation 
have the property that one is the square of 
the other. 

If |z|<1, then both Re(1+z)>0 and 


Re(1+z)* >0 do not hold simultaneously. 


If 27 =(Z)”, then z is either real or purely 
imaginary. 


. The equation 
a i 65) 
I+cosg+ising “A 2 ca £) holds 


1—cos¢+ising 
for each ¢ # 2nz, née Z. 


. The on real roots of (1+ z)* =16z* are 
(-_eay 5. 


. The,product of the distinct n-th roots of 
unity is (-1)"". 


. All the solutions of z*+81=0 are 


3[+1+i]/ V2. 


._ If 


. The set of complex numbers z such that 
ie. it : 
arg(z—i) = 3 represents the equation of 
the straight line y = 3x41. 
_If Arg(z+3)= 5 , then the least value of 


|z| is 33/2. 


If |z —(4- 3i)| = 2, then the greatest and 
least value of [z| are 7 and’3 respectively. 


‘ |Re(z)| + |Im(z)| < V2|z| for every complex 
number z. 


. f(z) =arg(z) is a single,valued function 


on [t,t P 2z | for any real t. 
1 : ae 
_ Arg G = —Arg(z) iff z doesn’t lies on 


negative real axis. 

. Arg(Z)=—Arg(z) forall zeC 

. arg(z)+arg(zZ) = 2nz 

. arg(z)—arg(-—z) =—-27 + 2n7 

. Let @ be n™ primitive root of unity and 
@ be any root of equation z” =1 then all 


the roots of equation z” =1 are given by 


. If z=x-+1y, then the number of solutions 


of the equation z* =Z is 
1. one 2. two 
3. four 4. infinite 


443i : xX. 

—— =x+iy, then — is equal to 

3-4i y 

1. 0 2.1 

2 a 4. a 
3 5 
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. If 1,@,@° are the cube roots of unity, then 
(x- y)(x-@y)(x-a’y) is equal to 
l. x-y 2. x°-y? 

3. x-y? 4. x+y? 

. The real part of the complex number (1 +i y’ 
is 


nt nt 
1. 2" cos ri ». 2 cos-— 


nq 


3. 2”? cosnz 4. 2 "cos a 


. If x=-2- V3i, then the value of 
ox 45x 47x +41 is 


1. 443i 


3. Meee 


; If |z|=|z-1|, then 


1. Re(z)=1 


3. Im(z)=1 


=I 


=1, then z=x-+iy lies on 
z+5i 

. the real axis 

. the straight line x=5 

. the straight line y =5 


. acircle passing through origin 


. If the imaginary part of z 


- is—2, then 


the locus of a point representing z, isa 
1. circle 
3. parabola 


2. straight line 
4. None of these 


. For complex number z, |z + 5 a \z = 5 =75 
represents 
1. acircle 
3. a triangle 


2. an ellipse 
4. a straight line 


10. The correct polar form of the complex 
number 1-7 is 


1. V2e4 
3. V2e * 


11. If 1,@,@” are the cube root of unity, then 
the roots of (e=1) +8=Oare 
1. -1,-1,-1 2. -4,1%20,1+207 
3. 1o,2@ 411 —-Siht— 20 


12. If |z—1|=2, thenlthe value of z-—z—Z is 


1. 4 De 2 
a. | 4. 3 


13. The solution of the equation [z| —z=1+2i is 


a 


1. Ra 2. 2-1 
2 


J. 2 53) 4. 2 5) 
2 2 


14. The complex numbers z,=1+ 27, 
Zz, =4—2i and z, =1—6i form the vertices 
of a 
1. right angled triangled 
2. isosceles triangle 
3. equilateral triangle 
4. scalene triangle 
15. An annulus p, < |z—-a| <p, is 
2. disconnected 
4. None of these 


1. connected 
3. semi-connected 


16. The complement of the unit circle [z| =l is 
ie |z|>1 2. |z|<1 
3: [z| =1 4. None of these 


17. The set S is open, then which of the 
following is true? 
1. S does not contains its boundary points 
2. S contains its boundary points 
3. Shave its boundary points 


4. None of the above 


. The set Sis closed if 
1. it does not contains its boundary points 
2. it has no boundary points 
3. it contains its boundary points 
4. None of the above 

. If z,,z, are two complex numbers such that 
lz, a z,|=|z,|+ \z,| Then, it is necessary that 
I. 4=2, 
2. Z,=0 

3. z,=Az, for some real number 1 

4. zz,=0 or z,=Az, for some real 

number 1 


. If zis a complex number such that 
Re(z) 20. Let Arg(z) represent the 
principal argument of z, then the interval in 
which Arg(z) lies is 
1. [0,7] 2. [-7,0] 


4. None.of these 


. The principal argument of the complex 


2+i 


number ————— is 
4i+(1+i) 


1. tan'(-3 


2. tan’ G 
2 


3. tan'(2) 4. None of these 


-Let be n"™ root of unity distinct from 1, 


then the value of 1+2@+3@° +....¢no@"' 


Zs 


23. Let 1,@,@°,.....0" be n,n” roots of unity 


then value of 


(a-o)(a -«°)(a-a’)...(a-o"") is 


32:0 


. Let z, €C be any fixed complex number 


then the equation |z ns z,| _ Iz = z,| represents 
1. unit circle with center origion 

2. Real-axis 

3. Imaginary axis 

4. 


None of these 


_ The number V2 e is 


]. an irrational number 

2. a transcendental number 
3. arational number 
4. 


imaginary number 


If z, and z, are distinct complex numbers 


such that |z,|=|z.|=1 and z,+z,=l, then 
the triangle in the complex plane with z,, z, 


and —1 as vertices 
1. must be equilateral 
2. must be right angle 
3. must be isosceles, but not necessarily 
equilateral 
4. must be obtuse angled 
(CSIR NET June 2013) 


. f(2—):C>C defined by f(z) =sinz is 


one-one 


onto 


iP: 
2 
3. one-one, onto both 
4. 


neither one-one nor onto 
(GATE 1995) 
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28. The real part of the principal value of ar cP vy +uy 4. vy +ve 


1S (CSIR NET Dec 2017) 
1. 256cos (In4) 2. 64cos (In 4) 


3. 16cos(In4) 4. 4cos(In4) 


True false key 
(GATE 2004) 


a i oF 
6. T fol 
10. 11. T 
14. 15. F 
18. 19_F 
22: 22y E 
20. Zi, 0 
30. 31. T 
34. 35. F 
38. 39,7 
42. 43.T 
46. 47. F 
50. 


1. If i =a+if., then which of the 
following is /are true ? 


Li 


il 


. Let @ be primitive n" root of unity then the 


value of 1+ @ +@7% +...40"""; kEN 


Se 


1. nifk is multiple of n 


P 
T 
_-F 
:F 
.T 
.F 
oa | 
‘0, 
al 
ot 
Ske 
Ss 
a 


HH ae HA Ss ao 


2. Oif kis multiple of n 
3. nif k is not multiple of n 
4. Oifk is not multiple of n Assignment key 
SCQ 

3. 3 


Z—Z,|+|Z—Z,| =|Z, — Z,| represent : . 7. 1 
Jz-z|+|z-z|=|a- 


. Let z,,z,€C then the equation 


1. line segment joining z, and z, ; Mh 
15. 
19. 
23. 


2. line passing through z, and z, 
3. unit circle with center at origin 
4, real-axis 


. Let f:C—-C bea holomorphic function 
and let u be the real part of f and v the 
imaginary part of f. Then, for 


xyveER, f'(xtiy)f is equal to 


2,.2 De «2 
1. u, +, 2. Ue, 
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Chapter - 2 


Analytic Functions 


2.1 Analytic Functions 


Def. Limit of a complex function : Suppose that a complex function f is defined in a deleted 


neighborhood of z) and suppose that L is a complex number. The limit of fas z tends to Zp, exists 


and is equal to L, written as lim f(z) =L, if for every ¢ >0, there exists a 6°>0 such that 
ZZ 


|f(z)-L|<é whenever 0<|z—z|<6. 


Criterion for the non-existence of a limit : If f approaches two complex numbers L, # L, for two 


different curves or paths through zg, then lim f(z) does not exist. 
220 


Def. Continuity of a complex function: A complex function? is continuous at a point zy if 


lim f(z) = f (Zo) 


Z—>z0 
Criteria for continuity at a point: A complex function fis continuous at a point Zp, if each of the 
following three conditions hold 


Gi) lim f(z) exists, 
Z>20 


(11) fis defined at zy, and 

(ili) ane LG) = f (Zp) 
Result 1: A function f (x) =u(x,y)+iv(x, y) is continuous at a point zy = x9 +iyo iff u(x,y) and 
(4 y) aré Continuous at (x9, y) . In other words, a function is continuous iff its real and imaginary 


parts are continuous. 


Def. Differentiable function : The function f (z) =u (a5 y) +i v(x, y) is said to be differentiable at 


a point z=, if f(z) is continuous at z = zy and its limit ie f'(z)= lim F(z) F(z) 
22) £—%09 


exists. 


Result 2: A necessary condition for differentiability : If a function f (z)=u(x,y)+iv(x,y) is 


differentiable at a point z= x+iy, then the first order partial derivatives of u and v exist and satisfy 


the Cauchy-Riemann equations ie. coe a and — Oe 
Ox ay oy ax 


Result 3 : If a function is differentiable at a point then C-R equations hold at that point. 

OR 
If C-R equations does not hold at a point then function can not be differentiable at that point. 
Result 4 : Sufficient conditions for differentiability : If the real functions u(x,y) and v(x,y) are 
continuous and have continuous first-order partial derivatives in some neighborhood of a, point z, and 
if u(x,y) and v(x,y) satisfy the C-R equations at z, then the complex function 
f (z) =u(x, y)+iv(x, y) is differentiable at z and f'(z)= lim F)-F (Zo), 

zx) Zh 


Result 5: If a function f(z)=w(x,y)+iv(x, y) is differentiable.ata point z then its derivative is 


given by f'(z)=u,+iv, or f'(z)=v, —iu, 
Result 6 : Different forms of C-R equations : Following,arethe different forms of C-R equations : 
Ov 


(i) If f(z) =u(x,y)+iv(x, y) then C-R equations are Cars 
Ox Oy 


=0 , where z=x-iy 


(ii) 


zo 
Oz 


(ii) if, (x y) =) (x, y) ; where f, ee y) represents the partial derivative of f w.r.t. x and 


fy (%y) wort. y. 


Result 7 : Polar form of the C-R equations is oi ee a and a a a 


or rood or r 00. 


Me a , q(z) #0, where p(z) and q(z) are the 
. 


Def. Rational function : A function of the form 


polynomials is called a rational function. 
Def. Analytic function : A function f(z)=u+iv is analytic at a point z, if f(z) is differentiable at z 
as well as in some neighbourhood of the point z. 


Def. Holomorphic Function : A function that is analytic throughout a domain D is called holomorphic 


function or regular function. 


Def. Entire function : If a function f (z) is analytic in the whole complex plane then that function is 


called the entire function. 
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Result 8 : If a function is analytic in a domain D, then it is infinitely many times differentiable in D. 
Remark : This result is a sharp contrast with its real counter part. 

Result 9 : Set of all analytic points form an open set. 

Result 10 : If a function is analytic at some point than it is analytic at uncountable number of points. 
Result 11 : If a function is analytic at some point than it is differentiable at uncountable number of 
points. 


Example 1 : Show that ay = al =— li where w-=u-+iv isan analytic function. 


dz Ox Oy 


Solution : By Cauchy — Riemann equations, we have 


dw _ Bene 
—=u,tiv, =v 


dz - 


— tty 
Now, since w=u+iv 


By (1) and (2) , we obtain 


Further , 


By (1) and (3), we have 


Thus , we have 


Example 2 : If p(z)»is.a non-constant polynomial than f(z) = p(z) is no-where analytic. 


Proof : W(z) = p(z)=4, Zita, 2" +...+4, 


of 
Oz 
Of 


oe =0 at only finite number of points 
Z 


n-1 


_ —- = 
=na,7Z +(n—-Na,,Z"+...+4, 


Hence p(Z) is no-where analytic. 


Results : 


1. < (sinz) = cos 2 : £ (cos 2) =-sin 


3. # (tan z) = sec? z ; # (cotz)=-cosec? z 
dz dz 


5: # (secz) =sec z tan z : # (cosec z) =—cosec z cot z 
dz dz 


a. 4 (sinh z)=coshz ; # (cosh z) =sinhz 
dz dz 


9, # (tanh z) =sech? z : # (coth z) = -cosech? z 
dz dz 


11. 4 (sech z) =~sech z tanh z : < (cosech z) =-—cosech z coth z 


dz Z 


Exercise 2.1 


1. Determine the points on which the following functions areycontinuous, differentiable and analytic : 
@). f(z)=e (ii) f (z) = polynomial function (iii) f (z)=sinz 
(iv) f (z)=cosz (v) f (z)=e* (vi) f(z)=sinhz (vii) f(z)=coshz 
2. Determine the points on which the following functions are continuous, differentiable and analytic : 
(i) f(z)=tanz (ii) f(z)=seez (iii) f(z)=cotz (iv) f(z)=cosecz 
(v) f (z)=tanh z (vi) f(Z)=sechz (vii) f(z)=cothz (viii) f (z)=cosechz 
3. Determine the points.on which the following functions are differentiable : 
(i) f (z)=Re(z) (ii) f (z) =Im(z) (iii) f(zjsz 
(iv) F(z)=1g (v) f(z)=k (vi) f(z) =(2x? + y)+i(y? -x) 
(vii) f(z) is Rational function (viii) f (z) = Arg(z) (ix) f(z)=Log z 
(x) fAz)=Log (2° -1) 
Answers 


1. continuous,differentiable and analytic everywhere in all parts 


2. (i),(ii) continuous,differentiable and analytic everywhere except at z = (2n+ DS neZ 


(ii1),(iv) continuous, differentiable and analytic everywhereb except at z=nz, neZ 


(v),(vi) continuous,differentiable and analytic everywhere except at z=(2n+1) a neZ 
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(vil),(viii) continuous ,differentiable and analytic everywhere except at z=nzi, ne Z 
3. (i) continuous everywhere but nowhere differentiable and analytic. 

(ii) continuous everywhere but nowhere differentiable and analytic. 

(iii) continuous everywhere but nowhere differentiable and analytic. 

(iv) continuous everywhere but nowhere differentiable and analytic. 

(v) continuous everywhere , differentiable only at (0,0), nowhere analytic. 


(vi) continuous everywhere, differentiable on the line y =2x , nowhere analytic. 


(vii) continuous,differentiable and analytic everywhere except for finitely many points»where 


the denominator is zero. 
(viii) continuous, differentiable and analytic everywhere except at non-positive real axis. 


(ix) continuous, differentiable and analytic everywhere except at non-positive real axis. 
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2.2 Harmonic Functions 


Def. Harmonic function : A real function (x, y) of two variables x and y is said to be Harmonic if it 


2 2 
4 OH 


oo 10, Vo =0 and second order partial derivatives of 
y 


satisfy the Laplace equation i.e. 


@ are continuous. 
Result : The real and imaginary part of an analytic function are harmonic. 


Contrapositive : Let f (z) =u-+iv be any function s.t. u or v is not harmonic then function is not 
analytic. 


Def. Harmonic conjugate : Let u(x,y) and v(x,y) are harmonic functions, then v(x, y) is said to 
be Harmonic Conjugate of u(x,y), if the function f(z) =u(asy)#iv(x, y) is analytic. 


Note: Harmonic conjugacy is not a symmetric property. 
Methods to construct harmonic conjugates : 
1. Exact differential method : 
Case (i) : When uw is given and v is to be constructed,; 
(a) Verify that u is harmonic. 
(b) Let v=v(x,y) then dv ade ay = ade ay 


This differential equation will be exact always as here M = < and N = = SO we get 
x 


2 
ae 0 [He oe go8 = 0 because u(x, y) is Hannon 


ax? dy? 


Then y= | M dx+ | (terms in N not containing x)dy +C 
y constant 
Case (ii) : When v is given and u is to be constructed : 
(a) Verify that v is harmonic. 
Ou Ou _ Ov Ov 


b) Let u=u(x,y) then du =—dx+—d —dx-—d 
(b) (x,y) a oe a a 


This differential equation will be exact always as here M = ~ and N= 2 SO we get 
ly x 


2 2 
[He oY a 0 because v(x, y) is Haron 


Ax? dy? 


Then u= } M dx+ | (terms in N not containing x)dy HC 


y constant 


2. Milne’s Thompson Method : 
Case(i): If wis given: f ( )= flu. (<,0)-iu,(z,0) |dz + 
Case(ii): If v is given: f(z) =[[v,(z,0)+iv,(z,0) Jdz+C 
Case(iii): If w—v is given: 
(a) we have f(z)=u+iv 
if (z)=iu-v 
Adding (1) and (2), we have 
(1+i)f (z)=(u-v)+i(ut+v) or 
F(z)=U+iV, where F(z)=(laa) f(z), U=u-v, Veuty 
Now the problem reduces to,Construet an analytic function F(z) whose real part is given. 


(b) Proceeding as in case (i), find F (z) by using the formula 


F(z) f[U, (z,0)-iV, (2,0) |de + 


F(z) 


(c) Find f(z)byusing f(z)= ae 


Case(iv):Tf\w +v is given : 
(a) wehave f (z)=u+iv 
if (z)=iu-v 
Adding (1) and (2), we have 
(1+i) f(z) =(u-v)+i(u+v) or 
F(z)=U+iV, where F(z)=(I+i)f(z), U=u-v, V=utv 


Now the problem reduces to construct an analytic function F (z) whose imaginary part is given. 
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(b) Proceeding as in case (ii), find F (z) by using the formula 


F(z)=[[V, (z,0)+iV, (z,0) |de+C 


(c) Find f (z) by using f(z)= 


Exercise 2.2 
. Find the regular function whose imaginary part is v =e*(xsin y+ ycosy). 
. Show that the function u(x, y) = a 3xy? is harmonic and find the corresponding analytic function. 


. Show that the function u(x, y) = e* cos y is harmonic. Determine its harmonic’conjugate v(x, y) 


and the analytic function f(z) =u+tiv. 
. Determine the analytic function whose real part is Cae 3xy" ran 3 y? + 2x41. 


. Show that u(x, y) =e “(xsin y—ycos y) is harmonic and find v(x, y) such that f(z) =u+tiv is 


analytic. 
. Prove that @(x, y) = log {x =i? +(y- ay is harmonic in every region which does not include the 


point (1, 2). 


. Show that u = slog? + y*) is harmonic and find its harmonic conjugate. 


If f(z) =u+tiv is awanalytic function of z, find f(z) if u—v=(x-y) (x? +4xy4+y’) 


in2 
9.If u+ve= -__Ses and f(z) =u+iv is an analytic function of z, then find f(z) in terms of z. 
cosh2y —cos 2x 


10. If w= $+iy represents the complex potential for an electric field and y = an y? + nae ; 
aoe y 


determine the function 9. 

11. Letyu(x, y) = e*(xcos y— ysin y) be the given functions. Show that it is possible to find a 
function v(x, y) such that f(z) = u(x, y) +iv(x, y) is analytic, and then find v(x, y) and f(z) by 
both the methods discussed above. Finally note the essential difference between these two methods. 


12. Prove that u= ye —3x? y is aharmonic function. Determine its harmonic conjugate and find the 


corresponding analytic function f(z) in terms of z. 


13 . Find the analytic function whose real part is given and hence the imaginary part : 


(i) e* sin y (ii) sin xcosh y 


14 . Find the analytic function whose imaginary part is given and hence find the real part. 


(i) cos xcosh y (ii) —* 
ey 


2sin2x 


15. If ut+v = 5 , find the corresponding analytic function f(z)=utiv. 
~“ —2cos2x 


ey +e 
16. If f(z) =u+tiv is an analytic function of z=x-+iyand w—y = £2" * 8% ging f(z) 
cosh y=cos x 


subject to the condition f [) = ae 


Answers 


fee he 2. f(zj=vte 3. v(x, y= sin y+c, f(x) =e*+d where d=ic 


4. f(z) = 234327 4+2z4c 5. Wx, y) =@ *(xcosytysiny) +c’ where c’ =£ 
i 


8. £(F ec 9. f(a ac, where cf = —— 
1-i 1+i 


y 


x+y? 


10.6 =—2xy + +c 11. W(x, y)=e*(xsiny+ycosy)+c 


12. f(z) =i(z3 +e) 13. (i) v(x, y) =-e* cosy += (ii) v(x, y) = cos.xsinh y+ — 
1 1 


EC 


X+y 
2 2 


xX"+y 


14. (i) sinx sinh y+c (ii) 


i, (Ce eck irae he RS ROH 
1+i 1l+i 2 1+i 2 2 
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2.3 Some more topics 


Analyticity of f(z), f(Z), f(z), f(Z) ? 
1. If f(z) is analytic then f(z) is analytic iff f is a constant function. 
. If f(z) is analytic then f(z) is analytic iff f is a constant function. 
. f(Z) is analytic iff f(z) is analytic. 
. f(%) is analytic iff f(z) is analytic. 
. If f(z) is analytic in D then f(z) is bounded on every bounded subset of D. 
Results : Suppose f =u+iv be analytic then 
. If w= constant, then f is constant. 
. If v= constant, then/f is constant. 
. Iff is real valued then f is constant. 
. If is imaginary valued then f is constant. 


. If f is analytic then f is constant. 
_ If | ‘a | is constant then f is a constant function. 


_ If | ta | is analytic then f is a constant function. 


. If Image off lies on straight line then f 1s constant. 
. If Image of f lies on until circle them/ is constant. 


. If Arg(f) is constant then f is constant. 
_If f(z) is zero then fis constant. 
. Ifu and v both are the function of only x(only y) then is constant. 


. Ifu and v are harmonic conjugate of each other then both are constant functions. Hence f is 


constant. 


Af ue (or v =u) then f is constant. 


. If, f(z) is entire and real part of f(z) is bounded then f(z) is constant. 
. Let f(z) is entire and 3 non-zero z, and z, €C such that f(z+z,)= f(z+z,)=f(z) VzeC 


a 
Xo 


and is not real then f(z) is constant. 
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True-false exercise 11. If f(z) =e* cos y+ie* sin y , then 


If f is a complex function for which 
lim Re(f(z))=4 and 
Z24+i 


lim Im(f(z)) =—1, then 
z>24i 
lim f(z)=4-1. 


z2+i 


If f is a complex function for which 
lim f(x+0i)=0 and lm f(0+iy)=0, 
x0 y0 


then lim f(z) =0. 
z0 


If f is a complex function that is 
continuous at the point z =1+7, then the 


function g(z)= 3Lf (2) —(2+i)f(z)+i is 
continuous at z=1+i. 


If f is a complex function that is 
continuous on the entire complex plane, 


then the function g(z) = f(z) is continuous 
on the entire complex plane. 


If a complex function f is differentiable at 
point z, then f is analytic at z. 


The function f(z) =-; y ti cs eis 
oy x+y 
differentiable for all z4#0. 


The function f(z)=z? + Z is nowhere 
analytic. 


The function f(z) =cos y—isin y is 
nowhere differentiable. 


There does not exist an analytic function 
f(z) =u(x, y) +iv(x, y) for which 


u(x, y)=y?+5x. 


. The function u(x, y) =e** cos2y is the real 
part of an analytic function. 


f(2O=f(). 


_ If u(x, y) and v(x, y) are harmonic 


function in a domain D, then the function 


}+(% 


. If g is an entire function, then 


f(z) =(iz? + z) g@) is necessarily an 


entire function. 


. The Cauchy-Riemann equations are the 


necessary,conditions for differentiability. 


“The Cauchy-Riemann equations can be 


satisfied at a point z, but the function 
f (2) =u(x, y) +iv(x, y) can be non- 
differentiable at z. 


. If the function f(z) =u(x, y)+iv(x, y) is 


analytic at a point z, then necessarily the 
function g(z) =v(x, y)—iu(x, y) is analytic 
at Z. 


. A real-valued function u(x, y) is harmonic 


in D iff u(x,— y) is harmonic in D. 


. The function sin Zz is nowhere analytic. 


. If f is analytic at z,, then f" necessarily 


exists at Z,. 


. The function 


f (xtiy) =x +ax’y+bxy’ +cy’ is 
analytic in C only if a=3i, b=-3 and 


c=-l. 


. The functions 


f(xtiy)=x°-y’+x+i(2xy+ y) and 
a(xtiyax' + y?+x+i(2Qxy+y) 
represent analytic functions in C. 


22. If f and g are functions that satisfy the C-R 


equations at a point ae C, then f+g and 
fg also satisfy the C-R equations at a. 


. The function f defined by 
Im(z’) 
fZ)=utiv= 4 Z 
0 if z=0 
satisfies the C-R equations at the origin, yet 
it is not differentiable there. 


if z#0 


. The function f defined by 

a 0 if z=0 
Na eee z’) if z#0 
is continuous and satisfies the C-R 
equations at the origin. 


. The function f(z) is analytic in a domain 
D iff both real and imaginary parts of f(z) 
and zf(z) are harmonic in D. 


. The function f(x+iy)=x°+i(y—-1)’ is 
nowhere analytic but is continuous in C 
and differentiable on {x+iy:x+y=1} 


Ulxtiy:x-y=-l}. 


. An entire function f such that 
f(x+ty) =u(x)+iv(y) must be of the 


form f(z)=az+f with a eR and 
BeC. 


. There exists an analytic functions f such 
that Re f(z) S72. 


. There exists an analytic functions f such 
that Img (z)=x°-y’. 


. If the function f(z) is continuous at z,, 


then 
1. f (z) is differentiable at z, 


2. f(z) is not necessarily differentiable 
at Z 
a (z) is analytic at z, 
4. None of the above 


. Ifa function f (z)is analytic at a point 


Zz =z,, then which of the following 


statements is false? 
1. fis differentiable at z, 


2. fis not continuous at Zz, 
3. fis defined at z, 


4. fis continuous at Z, 


. The function f (z) =|z/ 1S 


1. everywhere analytic 
2. nowhere analytic 

3. analytic at z=0 

4. None of these 


. The function f (z) = Iz is differentiable at 


1. z=0 2. z#0 
3. nowhere 4. None of these 


f (z)=e? (cosx+isinx) is 

1. an entire function 

2. analytic in x7 +4y? < 24 

3. nowhere analytic 

4. differentiable everywhere except z=0 


. If f(z) is analytic in a domain D, then 


1. fz exist in D 
2. fz does not exist in D 


3. fz =0 for all n in D 
4. None of the above 


. The only function among the following, that 


is analytic, is 
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1. f(z)=Re(2) 
2, f(z) =Z 


2. f(z) =tm(:) 
4. f(z)=sinz 


8. The Cauchy-Riemann equations for 
f (z) =u(x, y)+iv(x, y) to be analytic are 
Ou Ou, dv 


Ov 
» ti =0,5+75=0 
Ox” Oy Ox” Oy 
Ou _ _ Ov Ou _ _ ov 
ax ay ay ax 


Ou _ Ov Ou _ _ ov 


ax dy’ éy ax 
Ou _ _ Ov Ou _ ov 


ax ay Oy ~ ax 


9. Polar form of C-R equations are 

Ou lov Ou _ ov 

' 06 rér’Or 0@ 
Ou _ ov Ou _ 1 Ov 

' 00 * aye ér roo 
Ou _10v Ou _ ov 

' 6r r00°00 or 
Ou _ Ov Ou _ ov 


r—,—=-r 
Or 00 06 Or 


10. If w=u(x,y)+iv(x,y) is an analytic 


function of z=x-+Jy, then equals 
Zz 


11)Jnvorder that the function f(z 7 cl L 


be continuous at z=0, we should define 
f (0) equal to 

lL, 2 . -l 

3. 0 4. 1 


12. If f(z) is analytic and equal 


u(x,y)+iv(x,y), then F(z) equals 
Ou , ov 


Ox oe 


4. Noneof these 


13. The value of m so that 2x—x* + my*_may 
be harmonic is 


1. O 2. 1 
3.2 4.3 
14. A function is said to be harmonic, if 


2 
Ow (ev _ a6 Ou ee 0 
ae “A Ox? 


2 
er 6 Lane, 
ax “oy Ox Oy 


1. 


15.9uyv are called conjugate harmonic 
functions, if 
1. u, v are harmonic functions and u+iv is 
analytic function 
2. u,v are harmonic functions and 


u+iv may not be analytic function. 
3. u,v are harmonic functions. 


4. u+iv is analytic function. 


16. If w+iv is analytic function, then dv is 
equal to 


i x ly ; as dy 
bg 
; Oe ee, 
Oy Ox 


17. An analytic function is 
1. infinitely differentiable 
2. finitely differentiable 
3. not differentiable 
4. None of the above 


18. Let f be an analytic in a region and at 


every point either f =O or f'=0 then 


1. f is constant 

2. f is polynomial 

3. f may be non-constant 
4. None of above 


. If f(z) is entire function such that 


f(z+)D = f(zt+dD= f(z) V zeC and 


f3+5i)=2+6i the (S454)? 


1. 2+6i 2, 143% 
3. 0 4. None of these 
. The function f :C—C defined by 


f(z) =e is 
1. an entire function 


2. analytic in unit disc {z:1<1<I} 


3. not analytic at any point 
4. none of the above 

.Let f:C >C bea complex valued 
function given by f (z)= u (x,y)+ iv(x, y) ; 
Suppose that v(x, y) =3xy*. Then 


1. f cannot be holomorphic on_C for a 

suitable choice of u. 

. f is holomorphic on C for a suitable 
choice of u. 

. f is holomorphic on C for all choices 
of u. 

. vis not differentiable as a function of x 
and y. 

(CSIR NET June 2011) 


_Let fC C be a complex valued 

function of the form 

iP (x, y)=u eS y) + iv(x, y). Suppose that 

u(x, y)=3x’y . Then 

1. f cannot be holomorphic on C for any 
choice of v. 

2. fis holomorphic on C for a suitable 
choice of v. 

3. fis holomorphic on C for all choices of v 


4. wis not differentiable. 
(CSIR NET June 2012) 


23. Let f be a real valued harmonic function on 


C, that is, f satisfies the equation 
2 2 
e u + u =0. Define the functions 
Ox” Oy 
of 
Ox oy 
Then 
1. g and fare both holomorphic functions/ 
2. gis holomorphic, but h need not be 
holomorphic. 
3. his holomorphic, but gneed not be 
holomorphic. 
4. both g and /are identically, equal to the 
zero function, 


(CSIR.NET June 2015) 


. Let u(x; y)=2x(19) for all real x and y. 


Then, a function v(x, y), so that 

f(z)=u(x, y)+iv(x,y) is analytic, is 

Le x” -(y-1) 2. (x-1) -y’ 

2. (x-1)'+y° 4. x’ +(y-l) 
(GATE 2010) 


. Consider the functions f (z)=x* +iy* and 


g(z)=x° +y +ixy. At z=0, 
1. fis analytic but not g 
2. gis analytic but not f 
3. both fand g are analytic 
4. neither fnor g is analytic 
(GATE 2005) 


. Consider a function f (z)=u +iv defined 


on |z -i| <1, where u,v are real valued 
functions of x,y. Then, f(z) is analytic 
for u equals to 

1.4 ea 2. In(x° +’) 

Bee A teroe 

(GATE 2003) 


. At z=0, the function f (z)=z°Z 


1. does not satisfy Cauchy Riemann 
equations 

2. satisfies Cauchy Riemann equations but 
is not differentiable 

3. is differentiable 
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4. is analytic 
(GATE 2003) 


28. Which of the following is not the real part 
of an analytic function ? 
1 
l+x°+y? 
x 


1. x’-y? 2, 


3. cosx cosh y 4, 14+ 
x+y 
(GATE 2006) 


29. The function sin z is analytic in 
~ Cw {co} 


. C except on the negative real axis 


(GATE 2001) 


1. Let f(z)= [sin z| be a complex function. 


Let S denote the set of regular (analytic) 
points of f then 
1. S=¢ 
2. Sis countable 
3. Sis uncountable 
4. S=C 

2. Let f(z) =u, y)+ivyy) be a complex 
analytic function. Let f(z) =u(x, y), 
FAR =V(x, Wy; 
fz) =u(x, — y) +iv(x, — y) then which of 
following is a sufficient condition for f to 
be a constant function. 
1. f(z) is analytic 
2. f(z) 1s analytic 


3. f,(z) is analytic 
4. All of above 


3. The function f(z) =secz is 


1. analytic for all z 
analytic for z= 


2. 

. 1 
3. not analytic at z= S 
4, 


None of these 


. Let f:C—C be an analytic function. 


For z=x+iy, letu,v: R? + R be such that 


u(x,y)=Re f(z) and v(x,y)=Im f(z). 
Which of the following are correct ? 


1. 


" @xdy ydx 
2, 2 
. Ov " Ov _¢ 
OxOy  Oyox 
(CSIR NET June 2013) 


. Let u(x+iy)=x° —3xy’ + 2x. For which of 


the following functions v, is u+iv a 
holomorphic function on C ? 


Le v(x+iy)=y" —3x*y+2y 
2 
2 
4 


(CSIR NET Dec 2014) 


True false key 
2o0 3. 0 
6. T 7. T 
10. F 11.T 
14. T 15. T 
18. T 19.T 
22.0 23.7 
26. T 27°T 


Assignment key 


SCQ 
Oes2 
eae 
11. 
1D: 
19. 
254 
yap 


MCQ 
2. 1,2,3,4 3. 2,3 4. 
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Chapter - 3 


Complex Integration 


3.1 Complex Integration by Direct Computation 


Arc: The equation z(t) =x(t)+i y(t), a<t<b where x(t) and y(t) are continuous function of r , 


represents an arc in the complex plane. If the arc is continuous and differentiable then it is called 


regular arc. 
Simple Arc: An arc z(t) =x(t)+i y(t) is said to be a simple arc if z(t,)=(t) only when ft, =f). 
Closed contour: A curve which is composed of a finite number of regular arcs is called a contour. By 


a closed contour, we mean a closed simple arc consisting of a finite number of regular arcs 1e., the 


contour is closed and does not intersect itself. 


Rectifiable arc : Let z= x(t) +i y(t) be the equation of a givemarc, the range of t being to <t<T. 


Let zo, 21, 22, 
where fg < tj < fo < 
n 
Z1, Z1 and Zp by straight line segments issgiven by Ylz, = ee 
r=l 
If this sum tends to a unique finite limit “? as n — oo , then we say that the arc L defined by 


Z=x(t)+i y(t) 1s rectifiable and its length is ‘/’. 


Results : If Lis a rectifiable arc joining the points z=a and z=), then 


b* —a’ 


1. [ac=b-a 2. [de] = length of are L 2: [zac= 
iB i ra 


Common parameterizations in complex plane : 

Line A parameterization of the line containing the points zy and z, is: z(t)=zg(I-t)+ qt ; 
0 <t<o. 

Line Segment : A parameterization of the line segment from zy to z is: z(t)=z(1-t)+ zt ; 


O<r<l. 


Ray : A parameterization of the ray emanating from zy and containing z, is: z(t) = zg(I-t)+ a0 ; 
O0<t<a 
Circle : A parameterization of the circle centered at zp) with radius r is : z(t) =z) +r(cost +i sint) : 


O<t<2z 


Exercise 3.1 


1. Evaluate the following : 


() [(z+3)dz ; Cim=2r, y=4r-1, 15183 
Cc 


(ii) [(2z-z)az - where Cis x=-t, y=f°+2, O<1t<2 
Cc 


(iii) fc? de; where Cis z(t)=3r+2ir, -2<1<2 
C 


(iv) lelPae 2G x=t? 
Cc 


(v) [Rezdz, C: ||=1 
Cc 


2. Evaluate the following integrals : 


(i) idee +i y Jade ,where C is the straight line from z=1to z=i 
G 


(11) | e* dz; where C is the polygonal path consisting of line segments from z=0 to z=2 
Cc 


and z=2 toz=l+ai. 


(11) l(z + 2) dz where C is the line segment from to 1. 


3. Evaluate the following integrals : 


(1) | aaa) ,where C is the right half of the circle |z|=1 from z=—i to z=i 
Zz 
Cc 


Gi) | a: dz ,where C is the circle |z + i|=1 
Cc i Zt+1 
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1 


dz where C is the circle |z —Zo| =f 
£— £9 


(iii) J 
Cc 


(iv) — dz where C is the circle |z —Zo| =r 
c(z-2) 


Answers 


1. @) —284+84i 504 


(iv) 21+2log2-—* 


2. (i) S45 i (iii) 


3. (i) i(a +2) i (ii) S27 


3.2 Cauchy’s Theorem and Cauchy?’s Integral Formula 


Result 1. Cauchy’s Theorem : Suppose f is a function which is analytic in a simple connected 


domain D . Then for every simple,closed contour C in D } ‘a (z)dz =0. 
Cc 


Result 2. Deformation of contour : Suppose C,C,,C),....,C,, are closed curves with a positive 


orientation such that C,,C),....yC,, are interior to C but the regions interior to each C;, , k =1,2,...,n 


have no point incommon. If fis analytic on each contour and each point interior to C but exterior to 


all the C, ,k =1/2,...,.n then [ f(z)dz=>) ff (z)dz 
Cc k=l Ck 


Result 3. _—- result : 
(z-Z) 


(i) If Cis closed contour and zp is an external point of C then " y 
Clea eG 


2zi,if n=1 
feel 
c(z-2) 0 vif n#1 


Result 4. Cauchy’s Integral Formula : Suppose fis an analytic function in simply connected domain 


(ii) If Cis closed contour and Zo is interior point of C then 


D and C is any simple closed contour lying entirely with in D. Then for any point zy with in C, 
(22 dz=2ni f(z). 
cé 0 
Result 5. Cauchy’s Integral Formula for higher order derivatives : If f is an analytic function in a 


simple connected domain D, and C is simply closed contour lying entirely withan D. Then for any 


. n—l 
point zy with in C, we have | F(<) dz= OE f (Zo) 


c(Z—2Z)" (n—-1)! ae” 


Def. Winding number : Suppose that y is a closed contour in C and a be a given point in C—y ie., 


a does not lie on y . Then the winding number of y about the point aus defined to be the number of 
times y wraps around a in the anti-clockwise direction and it is denoted by n(y.a). 


For illustration, consider the following : 


n(y.a)=1, n(y,b)=0 n(y,a)=-1, n(y,b)=0 n(y,a)=1, n(y.b)=0, 


Result 6 : Cauchy integral formula in terms of winding number : Let f be analytic function 


within and on aclosed contour y and a is an interior point of 7, then Heh ) ~ de = =2ni n(y,a)f (a) 


Y 


Result 7: Morera’s Theorem: If f(z) is continuous in a region D and if the integral } Sf (z)dz 
C 


taken around any closed contour in D vanishes, then f(z) is analytic in D. 
Remark : Morera theorem is known as short converse or modified converse or refined converse of 
Cauchy theorem. 


Result 8 : Cauchy inequality : If f(z) is analytic on and within a circle C given by | z—a|=R and 


if the function is bounded by M ie. | f(z) | <M forall z © C, then | fo (a) ue 
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Result 9. Liouville’s theorem : An entire and bounded function is always constant. 
OR 


A non constant entire function is always unbounded. 

Result 10. The functions e*, sin z, cos z, sinh z and cosh z are unbounded. 

Result 11. If an entire function is bounded on a half-plane then it need not be constant. 

e.g., consider the function f(z)=e* on the set S$ ={z Re(z)<O}. Similarly, take g(z)=e" on 
S ={z:Im(z)>0}. 

Result 12. If f :C— D is an analytic function where D is the open unit disc thengmis constant. 


Result 13. M-L Inequality : If f (z) is continuous on a contour C such that | - (z) <M for all zon 


C, then [f(a < ML, where L is the length of the contour C. 
Cc 


Exercise)3.2 


Evaluate the following : 


iy (22-14 38)de 5 Cis |z|=1 2, (eae ; Cis |z|=1 


2742742 


4. (ak pCi 
C 


6. ftanz dz; Crz=1 
Cc 


; where C is the contour shown in the figure 


where C is the closed contour as given in figure: 


2 
. [Sa ; (a) |c-iJ=2 (0) |e +2=1 
zt+4 


ware 2 


| Lea dz (above figure) 225. Ss (above figure) 


| cx(z-2) 
1 
2 +1) 


dz; Iz i|=5 24. rT, 8 : |z-2|=5 


23. La 
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_ 2 
= sin a ie -|=3 
(z-x)> (22—m) 


Answers 
1. O 2. 0 : 4. 0 
8. 227i 9. 107i : 11. 


15. 871 16. —27i ; ] 18. 


20. (a) 2m (b) 22 ni 0. 


3.3 Power series 


foe) 
: = De 
Def. Power Series : An infinite séries of the form )' a,(z—z)" =dg +.a,(z—2Z9)+4)(z—Z9) +... is 
n=0 


called a power series» The-co-efficients a,'s are complex constants and the point Zg is called the 


centre of the power series. 


[o.@) 
If we substitute z—z)=¢ then the above power series takes the form » Oe. 
n=0 


Def. Absolute Convergence : The power series yu, z" is said to be absolutely convergent if the 


. n . 
series >» a, |z| 1s convergent. 


Def. Conditionally Convergent : The power series > a, &" is said to be conditionally convergent if 
n=0 


. n . 
Yay z” is convergent but > ay |z| 1s not convergent. 


oe) 
Def. Radius of convergence : Let > An (z —zy)" is a power series. A non-negative number R is said 
n=0 


to be radius of convergence of given power series if the power series converges for \z —Zo| <R and 
diverges for |z = Zo| >R. 
Def. Circle of convergence : The circle |z—zo|=R in the above definition is called circlesof 


convergence. 


1 : us ila . cane é 
Formula : ie = lim la, |n = lim || , provided the limit on the R.H.LS. exist. 
no n a 


0 


oe) 
Result : Circle of convergence of a power series ba (2 —zy)" is the largest circle centred at z, 
n=0 


such that the series is convergent at every point inside that circle. 


ioe) 
Result : Circle of convergence of a power series > An (z —Z % is a circle centred at z, such that the 
n=0. 


series is convergent at every point inside the circle and divergent at every point outside the circle. 


00 1 
Cauchy Root Test : Let as be a series of complex numbers and lim lun \n =!. Then the series is 
n=0 eae 


(i) convergent if 1<1. (ii), divergent if 7>1. (iii) test fails at /=1. 


oO 


D’ Ratio Test : Let >» u, be a series of complex numbers and _ lim |—2*4| =/. 
n=0 n—-oo Uy, 


Then the series is 

(i) convergentuf /<1. (ii) divergent if 7>1. (iii) test fails at J=1. 
Investigation on the boundary : 

1. Direct computation on some simple points. 


2./Using Contra-positive Test : If lim u, #0 then the series is not convergent. 
n>o 


3. Geometric series never converges on the boundary. 


4. Dirichlet Test: If the series a b,, 18 such that 


n=] 


k 
(i) ya, <M for all k i.e. partial sums of Yan are bounded. 


n=l 


(ii) lim b, =0 


nyo 
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ioe) ioe) 
(iii) pat —b,,,;) is convergent; then the series > a b, is convergent. 
n=l n=l 


Some results on power series: 


oO 


1. If the power series » d,z' converges for some point z =z, then the power series converges for 
n=0 


every point z =z, such that \z,| |z0| ; 
. If above power series diverges for z = Z, then it diverges for every point z =z, such that {z,| > \Zo| : 


. The sum function of a power series is analytic with in its circle of convergenece,and sum function 
has atleast one singularity on the circle of convergence. 
. A power series can be differentiated term by term with in its circle of convergence. 
5. The radius of convergence of the differentiated power series is same as that of original series. 


. A power series can be integrated term by term with in its circle of convergence. 
. If radius of convergence of a power series ya, z" is R then 


1 
(i) Radius of convergence of a. z” is R*. Ai) Radius of convergence of 4, z"* is RE, 


(iii) Radius of convergence of > nk a,z" isR. ¢ (iv) Radius of convergence of bers a,z" is 0. 
Radius of convergence of aypower series is the distance of the nearest singularity of its sum 


function from the centre of the power series. 


If S°a,(z—zo)' and }°b,(z+z,)’ are two power series with radius of convergence R, and R, 
n=0 n=0 


then the radius of convergence of the power series (a, +b, )(z—z)) is min{R,,R,}. 
n=0 


Exercise 3.3 


Find the radius of convergence of the following power series : 


-—n on k 
Gi) Y= (ii rat 


1+in? 


(v) Si (34ni)" 2” (vi) a z" 


n=0 


(vii) }° (log n)" 2” 


n=] 


(x) on 1.3 24 1.3.5 2+... (xi) yt (xii) ———— 
2-25 2.5.8 = Nn na? a ny” 


1+2in Le 1.2(c+1) 


(viii) 3 (NaH. (ix) eae Z4 a(a+J) b(b+1) 2 


0 00 2 
(xiii) }° |n z” (xiv) }) (tae (xv) A z 


n=l n=l (n+ 1) 4" 
. n 
(xvii) yee (xviii) SS ey 


(xix) > (-1)" (2" + a) (xx) Pe haar s = number of divisors of n°? 


n=l 


(xxi) >; p(n)z", p(x) be a polynomial of the real variable x of degree k >1 
n=0 


(xxii) x (nlogn) z" 


n=] 


(Xxv) pe ees 


. Find the domain of convergence of the following series and if the domain of convergence is a disc 


(z- al 


then find the radius of convergence : 


(mn) 2 (al 


Gy ya @) 3 "(2-1)" 


n=0 n=0 
. Find the domain of convergence of the following series and if the domain of convergence is a disc 


thenefind the radius of convergence : 
— 3.5....(2n-1) (1-z)" a ul 
re) sae if! | ps = (ii He 
: Zz sapt+4n -1 
ee 
ivy) Sit @w) >2" 
=I =I 


4. Investigate the behavior on the boundary of circle of convergence of the following series : 


eS ee nic re saath eee? a 
1 _ 111 mare 1V Nn. 
Cin are a) at Oy 2, z 
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. Without expanding the following function about the indicated point and find the radius of 
convergence. 


_4+5z 
~ 2 


»%j9=2+5i = (il) f (z)=cotz , 2% =i (ill) f ( )=— » Z=lti 


(i) f(z) ae 
Answers 
. (i) R=0 (ii) R=2 (iii) R=k* (iv) R=e  (v) R=0 
(vi) R=1 (vii) R=0 (viii) R=1 (ix) R=1 “(x)R == 
(xi) R=1 (xii) R=1 (xii) R=O0 (xiv) R/=4 «<av) R=1 
(xvi) R=2 (xvii) R=2 (xviii) R=1 (xix) R=1 (xx) R=l 
(xxl) R=1 (xxii) R=1 (xxiii) R=0 (xxiv) R=2 (xxv) R=1 
. (i) doc. is |z+ikk V5 andr.o.c. is V5 (ii) d.o.c, is .z7 D> 1 
(iii) d.o.c. is |z+1+i[>2 (iv) d.o.c.%is |z|</2 and r.0.c. is V2 


(v) d.oc. is |z—] <3 and r.o.c. is 3 


(i) d.o.c. is e-5 <> and r.0.c. is ; (ii) d.o.c. is | z|<1 and r.o.c. is 1 


(iii) d.o.c. is C and r.o.c. is 0 (iv) d.o.c. is [z| <1 and r.o.c. is 1 
(v) d.o.c. is [z| <1 and r.o.c. 491 


. (i) [z| =1, series is divergent at z=1 and convergent at all other points on the circle. 
(11) [2 =1, series is divergent at, z =1,—1,i,-7 and convergent at all other points on the circle. 
(ili) [z| =1 and series is convergent at all points of the circle. 
(iv) [z| =1 and series is divergent at all points of the circle. 


5. (i)adJ/5 (ii) x (iii) J2 
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True-false exercise 


The real line integral 


les + y’)dx+2xy dy , where C is given by 
Cc 


y =x° form (0, 0) to (1,1) has the same 


value on the curve y=x° from (0,0) to 
(1,1). 


If f is analytic within and on a simple 
closed contour C, then p.f(@ dz=0. 


If f. f(z) dz =0 for every simple closed 


contour C, then f is analytic within and on 
C. 


The value of } aa is the same for any 
Cc 


path C in the right half-plane Re(z) >0 
between z=1+i and z=10+87. 


8D) iy, 


Cc Zl 


? 


If g is entire, then > 8D = 
where C is the circle [z| =3 and C, is the 


ellipse x° +oy" =1, 


¢ — = 0 for every simple 
(2-2, za 

closed contour’C that encloses the points 

Z, and z,. 


If fis analytic within and on the simple 
closed’contour C and z, is a point within 


C, then > ee, = I) ay 


C= Z, C(z—z,)° 


._ If R is the radius of convergence of So 


> zt dz =0, where C is the ellipse 
oe aie | 


1 
x +—y' =1. 
mi y 
The function f(z) =cosz is entire and not 


a constant and so must be unbounded, 


k 


. wz 
5 The power series > converges 
k? 


k=l 
absolutely at every point on its circle of 
convergence. 


. A function f is analytic at a point z, iff 


can be expanded in aconvergent power 
series-Centered at z,. 


. The power series vax and dika,z 


k=0 k=1 
have-the same radius of convergence R. 


I/n 


-lim(n!)!" =00 


no 


n 


n=0 


then the radii of convergence of > az 


n=0 


and Yi anz" are VR and R’, respectively. 


n2=0 


. The radius of convergence of the series 


(=I) gel is 1. 
n=] nn +1) 


oO n 
' 2 
. The series (4) converges for 


n=0 m4 


Rez2>1/2. 


n 


n! 


00 4 
: Zz" on 
. The series [S45] converges for 
n=0 z 


[2 >1 and diverges everywhere else. 


18. 1 = | |z-rl|d¢|= 87". 


|zer 


3. f(z) is constant 
4. None of these 


19. If f is a complex-valued continuous 4. If f (z ) is analytic in a simply connected 
function on C, then 


domain D,then for every closed path C in D 
eal fe)-fU/2) 4 9 1. } f(z)dz=0 2. hf (z)dz=1 
|Z “ 


3. hf (z)dz#0 4. p f(z)az4l 
20. p(z) is a polynomial of degree n in z with ; y < 
bebe 5. If y: [0,1] — Cis a closed recitifiable curve 
complex coefficients, then 
1 dz 
I= [ p@)dz=2zip'(). and a¢{y}, then= 
ert 2. rational number 
4.-complex number 


1. an integer 
3. real number 
21. If {a,} _, is a sequence of real numbers 


1 % 6. Cis closed contour \@/=r and n#-1, then 
such that dp? = > 4,(Z +2)", then the 
mare n=0 


| z" dz isequal to 
00 Cc 
radius of convergence of the series az’ er 


2. 27 
n=0 3.0 4.0 
is 3. 


7. The value of [nae , where C is circle 
Z 
id : 
: =e’,0<0@< 
Assignment nae ve 


1. wi 
3. 271 


m . 1 
. The integral of $.(z —z,) dz where z, is 8. The value of —— | ; 


2m 
inside C and C is a closed contour, is equal 1. O 

to 

1. O for m=-1 


3. & 
2. 2zi for m=-1 


3. 2form=-1 4. w for m=-1 


9. The value of the integral )—— dz where 
ge 
Cc 


3 
Zz +6 : : 
2. The value of fy ay Oe! is C:|z|=3 is 
1. 2mie* 2. 2ni 
1. 2. 671 


1 
8 3. & 4. None of these 
3. [Z) ~ 6 4. —6ni- (4) 
8 8 


2 
10. The value of pee) 
Cc 


dz, where C 
Z+ 


3. If f(z) is continuous in a simple connected s |d ic: 
is |z]=— is 
domain D and if $f (z)dz=0 for any 2 
1. 27i 
closed contour in D, then 
1. f(z) is non analytic in D 


OEE 
2s (z) is analytic in D 
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11. For every path between the limits 
{. (2 + z) dz is equal to 


2 


12. If Cis circle |z—a|=r, then 


1. 27 2. 
3. ni 4. 


13. If Cis acircle |z|=1, then | Zdz is 


1. wi 2. 27i 
3. 0 4. None of these 


2z 


14. The value of "a iS 
|¢|=2 (z +1) 


1. 2nie* 
az 
; de e 


3 


C8 


Ud 


15. The value of = 
2ni “(z-2) 
circle |z|=3 iS 
l. e fe’ 
3. & 4. None of these 


COS Z 
;dz equals 
Fd 

ni 2. Fi 


3. 271 4. —27i 


16. The integral io 


17. Lew'T’ denote the boundary of the square 
whose sides lie along x=+1 and y=+1, 
where I is described in the positive sense. 

2 
Then, the value of I dz is 
T2z4+3 


2. 271 


a 
"4 
0 


4. —27i 


2+ 2 7 

18. The value of I, (z) dz along the line 
2y=x Is 

1 2(2+i) 
3. (2-i) 


2, (a4) 


4» None of these 


19. If f(z) is an analytiefunction and f'(z) 
is continuous at each point within or on a 
closed curve C, then |. f (a= 
1. © 2. 1 
3...0 4. None of these 


20. Theuntegral given below equals 
3z 
| ofa, where C is circle |z-1|=6 is 
€(z-ai) 
1. —2ai 2. 0 3. Hl 4, 2ni 
21. If f (z)be an analytic function inside and 
on the boundary of a triangle, then 


>, f (z)de= 
1. © 2. 1 
3. 0 4. None of these 


22. If Cis the curve y=x° —3x°+4x-l, 
joining the two points (1,1) and (2,3). The 
2, . z 
value of [.(12z —4iz)dz iS 


1. —156+38i 2. 156-38 
3. 38+156i 4. 38-156 


23. I. z’ dz, where C is the circle with centre 


0 and radius 2 equals 
1. 47 2. i = 33. 4 4.0 


24. Let T° be any circle enclosing the origin an 


oriented counter clockwise, then the value 


1. 27 2. 0 
3. —27i 4. undefined 


2 
_ If f(jRS* and the path of 


integration is a circle with originated centre 
and radius r, the Cauchy’s theorem is 
applicable, whenever r equals 

1. 1 ee fe Ea 4.1 and 2 


. The value o ; where 


ee anne is 


. For the positively oriented unit circle 


f 2Re(z) 1 
k=l z4+2 

1. O 2. wi 
3. 227i 4. Ani 


. Let T be the curve [=2+4cos@, 
(0<O<2z). If I, =|, an 


b=] —. Then, 


i a 2/1, =21, 
3. 20,=1, 4. I,=0, 21, 40 


. Putting z=e”, the integral 
aa sin 30 

° 5—3cos0 

the circle |z\=1. Here... means 


5 § (2° —1)dz 


(32-1) 


d@ reduces to..., where C is 


4. None of these 


30. The value of i ey where C is the 


circle |z|=1 is 


1. -1 2. 271 
3. —27i 4. None of these 


. The radius of convergence of the series 


given as 
2 2 z4 2 
1+z7+—-—+—+—+ 
20. 5! 
1.2 
3. 00 


. The radius of convergence of the power 


series of the function f ()-— about 
=f 


cg 
4 


. The radius of convergence of the series 


oO n 


Ya.aeR 


n=1 

1. is 1 

2. cannot say unless the value of a is 
specified 

3. diverges of all value of a 

4. diverges only for specified values of a 


. The radius of convergence of the power 


series > 5: 2" is 


Pl ee) 


. It is given that Yaz converges at 


n-0 
z=3+i4. Then, the radius of convergence 


of the power series 4,2" iS 
n=0 


lL. S35 2. 25 32 <5 4. >5 
(GATE 2007) 


. The radius of convergence of 


ols) 


n=0 n 
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4. © 
(GATE 2006) 


37. [|e , where L is any rectifiable arc 
joining the points z=a and z=b is equal 
to 

1. b-a 2. |b-al 

3. arc length of L 4.0 


n 
. The power series ye converges if 
n=0 


2. \\z|<2 
4. |<< V2 


(CSIR NET June 2011) 


a 2 
. The power series }'3""(z—1)" converges 
n=0 


if 
1. |2\<3 2. |2|<v3 
3. |z—-1\<V3 4. |z-1|<V3 


(CSIR NET June 2012) 


. Consider the power series > z". The 
n=l 

radius of convergence of this series is 
1. 0 
2. 0 
Se ol 
4. areal number greater than 1 

(CSIR NET Dec 2012) 


‘Let p(x) be a polynomial of the real 
variable x of degree k > 1. Consider the 
power series f(z)=))"_ p(n)z” where z 
is a complex variable. Then the radius of 
convergence of f(z) is 


1. 0 2. 1 3. k 4. «© 
(CSIR NET June 2014) 


42. Let >? 


(oe) 


n . 
> 4, be a convergent power series 


such that lim, ““=R>0. Let p bea 
a 


no 
n 


polynomial of degree d. Then the radius of 
convergence of the power series 


dp P(2)a,z" equals 


1. 2 @ 3. Rd 4. R+d 


ES 
R 


(CSIR NET Dec 2014) 


. Consider the following power series in the 


complex variable z : 


f(z) =S nlognz”” g(z) ayy If 
n=1 n 


nel 
r,R are the radii of convergence of f and g 
respectively, then 
1. %=0, R=1 
3. r=l1,R=0 


2. r=1,R=0 
4. r=0,R=1 
(CSIR NET Dec 2015) 


. Let P(x) be a polynomial of degree d>2. 


The radius of convergence of the power 


series > P(n)z" is: 
n=0 
1. 0 2. 1 
3. 00 4. dependent on d 
(CSIR NET June 2016) 


. Let f(z) be continuous on a contour C of 


length L and let |f (z)| <M onC, then 


of (eda iS 
1. <ML 2. >ML 
3. >ML 4. <ML 


. Suppose that a function f is continuous in 


a domain D, then among the following 

statements 

I. f has primitive in D 

Il. The integral of f (z) along any path 
lying in D between any two fixed points 


52. The series > 


in D is independent of path 
III. The integral of f(z) along every 
closed contour in D is zero. 
Codes 
. [implies I but not II 
. ILimplies III but not implied by I 
. [implies II and II but not implied by 
either of II or HI 
. All the statements are equivalent 


. Which of the following is correct ? 

1. Morera’s theorem is exact converse of 
Cauchy’s theorem 

2. Morera’s theorem is valid for all 


functions f (z)in a domain for which 


f oS (z)dz=0 
3. Morera’s theorem is short of converse of 


Cauchy’s theorem 
4. None of the above 


. The radius of convergence of the power 
y n+l 27a 

series f(z) = a eee rey is 

1. 1 2s 2 ae 4. 4 

. The radius of convergence of the power 

series y(n + 2i)" z" is 

1. 0 ic 2. one 


3. 0 4. None of these 
. The radius of conyergence of 


> [1+4) z" is 


n 


1+i 


<0 2 y 
: +1 
. Ifthe series is : - converges, 


n=0 
then 


1. [z+I]s v2 2. |z|< v2 
3. |? +1|< V2 4, |z?-1)< V2 


oO Zz 
— converges at 
n=0 n! 


. The series by 


4. All of the above 


53. The centre of convergence of 


Yi (n+2)" 2” is 
n=0 


1. 0 24 
i ae 4.3 


: F(z)=a,(z—a)" have radius of 


n=0 
convergence R>0O, then 


1 A() 
1. for n <0, a,=— (a) 
2. for n20, a,=0 
3. for n>0, a,=—f a) 
n! 
4. Nonesof the above 


_ AfsfGs analytic in a ball B(a;R) and 


\f (|S MoV z < B(a;R), then 


by|f (a)|< = 


a [f° (a)[=n1m 4. None of these 


niM 
n 


n 


& 


mi nvnt+l ‘ 


1. uniformly but not absolutely convergent 

2. uniformly and absolutely convergent 

3. absolutely convergent but not uniformly 
convergent 

4. convergent but not uniformly 


z|<1 is 


. If f(z) is analytic within a circle C, given 


by Z-Z|=R and if |f(z)/sM on C, then 


niM 
> 


n 


4. None of these 


. A bounded entire function is constant. This 


statement is 

1. Cauchy’s theorem 
2. Liouville’s theorem 
3. Morera theorem 

4. Schwarz lemma 
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59. The theorem if for all z in the entire 


complex plane, the function f(z) is 
analytic and bounded, then f(z) must be a 


constant is named after 

1. Morera 2. Cauchy 

3. Jordan 4. Liouville 
. The radius of convergence of the series 


= 2 
be is 
n=l 
1. O 2. 0 
25. 4.2 
(CSIR NET Dec 2016) 


. Let C denote the unit circle centered at the 


ae 1 2/2 
origin in C. Then —Jfh+z+z | dz, 
2ni A 
where the integral is taken anti-clockwise 
along C, equals 
1. 0 zZ. 1 
Je 2 4.3 
(CSIR NET June 2017) 


. Let C be the circle of radius 2 with centre at 
the origin in the complex plane, oriented in 
the anti-clockwise direction. Then the 


integral f ad x is equal to 
¢(z-l) 


dt. 
2ni 
3. 1 4. 0 

(CSIR NET Dec 2017) 


1. STi 


63. Let f be a holomorphic function in the 


open unit dise’such that lim f(z) does not 
z>1 


exist. Let ye z” be the Taylor series of f 
n=0 
about z =O and let R be its radius of 
convergence. Then 
1. R=0 2, 0< KR<1 
3. R=1 4, R>1 
(CSIR NET Dec 2017) 


. Which of the following statements are 


true ? 


oO 


1. If {a,\ is bounded then > 5a 


0 
defines an analytic function on the open 


unit disk 


2. If > az" defines,anmanalytic function 
0 


on the open unit disk then {a,} must 


converge to zero 


ioe) 


3. If F(z)= > a2" and a(z)= > bz" 
0 


0 
are two power series functions whose 
radii of convergence are 1, then the 
product f -g has a power series 


ioe) 


representation of the form ia on 
0 


the open unit disk 


ioe) 


4. If f(z)= daz" has a radius of 


0 


convergence 1, then f is continuous on 
Q={zeC||z|s1} 


(CSIR NET June 2018) 


True false key 
220 3. F 
6. T 7. T 
10. T 11.T 
14. T 15. T 
18. T 19.T 


Assignment key 

SCQ 
a. 2 
Te 
al 
15. 
19. 
23: 
203 
31. 
35: 
39. 
43. 
47, 
Je 
52: 
59. 
63. 


— 
io 
3 
1 
3 
walk 
3 
fe 
1 
1 


NY wo NY fF KH HB HP WO | YK NY KF NV 
WO Bie WO WY NY W NY NY NY FF WW NY W 
No fF KF NY WH Newer NV WV 


WO W = 
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Chapter - 4 


Calculus of Residues 


4.1 Expansions 


Taylor’s theorem : Let f (z) be an analytic function inside a circle C with centre at ay thenfor all z 


" aie ” we 3 
inc, f= Ysa ao a = fla+fay(c-a) + ORO, POO 
n=0 : : 


Corollary : Let f (z) be analytic inside a circle C with centre at a, then f has a Maclaurin series 


expansion 


Laurent’s Theorem : Let f(z) be analytic inside and on the boundary of the ring shaped region R 
bounded by two concentric circles C,; and C> with centre at ‘a’ and radii ry and rp (12 < 1) 


respectively, then for all z in R, 


f= >a,(z-a)"+ Vb, (z-a)™" 


n=0 n=] 


SA f() 
» 4 At ay 


dz, n= 0,1, 24.: 


F(Z) 
and b, Oni 2 S| ac ay 


dz,n=1,2,3,... 


Remarks : (1) The above series is called Laurent’s series of function f(z) about the point ‘a’. This 


series can be put in more compact form as: f(z) = > a,(z—a)" where a, = = -| [@) a 
mi* (z—a)" 


n=—o 


where y denotes C; for n=>0 and C2 for n<0Q. 


(2) In the above Laurent’s series, the series of negative powers of (z—a) 1.e. Yb, (z-a)" is called 
n=l 


the principal part of Laurent’s expansion of f (z). On the other hand, the series > a,(z—a)" is 
n=0 


called regular part. 


(3) Some familiar expansions: 


(i) = z S valid for all z 


valid for all z 


valid for all z 


valid for all z 


3 5 


sinh z = z+~-+ +... valid for all z 
3! 5! 
2 zt 2 

cosh z=1+—+—+—-... valid for all:z 
2! 4! 6! 


tanh z = z eae z a, a z! 
3 15 315 


valid for all z 


3 


ate ct etc) 4... validifor |z|<1 


2° +4.. valid for |z| <1 


.. valid for |z|<1 


=~... valid for |z| <1 
4 


Exercise 4.1 
In problems 1—6, expand the given function in a Laurent series valid for the given annular domain. 
Z—sin Z 
2. F(z) 3 0 <|z| 


l- z 
4. f(2)=-0<k2 
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z 
5. f(z)=5.0<|e-] 6. f(z)=2e0s_,0<| 


In problem 7—12, expand f ( )= : in a Laurent series valid for the indicated annular domain. 


z(z-3) 
7. 0<|z|<3 8. |z|>3 9. 0<|z-3|<3 


10. |z-3|>3 11. 1<|z-4]<4 12. 1<|z+1|<4 


in a Laurent series valid,for the given annular 


In problem 13-16, expand f ( a 


oe 
z-1(2—2) 


domain. 


13s: 14 2) <2 14. |z|>2 


15. 0<|z-1]<1 16. 0<|z—2)<! 


In problem 17—20, expand f ( )= s in a Laurent series valid for the given annular 


z+1)(2-2) 
domain. 


17. 0<|z+1|<3 18, |z+1|>3 


19. 1<|z|<2 20. 0<|z-2|<3 


In problem 21 and 22, expand f (z)= 
ral W sees 


5 ina Laurent series valid for the given annular domain. 


21. 0<|z|<1 22. |z|>1 


In problem 23 and 24, expand f ( )= in a Laurent series valid for the given annular 


(z-2)(z-1) 
domain. 


23, AS Ve a| <} 24. 0<|z-I|<1 


In problem 25 and 26, expand f (z)= i= 


in a Laurent series valid for the given annular domain. 
aic= 


7z-3_7(z-1)+4 
~ 1+(z-1) 


25. 0<|z\<1 26. O<|z-1|<1 | Hint: 


2 
In problem 27 and 28, expand f ( eee in a Laurent series valid for the given annular 


domain. 


27. 1<|z-]| 28. 0<|z-2| 


2 4 3 =) 


In problem 29 to 32, use C0821 4 aS 282 oan and long division to find the 


first three nonzero terms of a Laurent series of the given function f valid for 0< Fa ae 
29. f (z)=cosec z 30. f (z)=cotz 


31. f(z)=tanz 32.. f(z) =seez 


2 4 3 5 


In problem 33 to 36, use cosh =14+ +t gsi 252+ tt on and long division to find the 


first three nonzero terms of a Laurent series of the given function f valid for 0< Fd <I x 
33. f (z)=cosech z 34. £(Z)=coth z 


35. f(z)=tanhz 36. f(z) =sechz 


Answers 


1 ee See 
3(z+1)? 3(z+1) 12 4-12 


oo) 
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a1 043744224 
z 


—~3+6(z-2)-10(z-2)'+ 


4.2 Zeros and their order 


Def. Zeros : A number Zp, is zero of a function f if f (Zo) =0. We say that an analytic function f has 


a zero of order n at z=Zq if F (zo) =0, f' (zp )=0, "(zy =O seer fOr? (zy )=0, but f(”) (Zo) #0. A zero 
of order n is also referred to as a zero of multiplicity n. A zero of order one is called a simple zero. 


Theorem : Zero of order n : A function f that is analytic in some disk |z = Zo| <R has a zero of order 
n at z=Z if and only if f can be written as f (z)=(z = ani o(z), wherey @is analytic at 
z=Z and (zy )#0. 


Exercise 4.2 


In problem 1-6, determine the zeros and their order for the given function. 
1. f(z)=(z+2-i)° 2. f (z)=2*-16 

3. f(zjHzr+z? 4. f(z)=sin®z 

5. f (z)=e%-e° 6. f(g)=ze*-z 


In problems 7—18, the indicated number is a zero of the’given function. Use a Maclarin or Taylor 


series to determine the order of the zero. 
qT: f (z)=2(1-cos? z);2=0 8. f (z)=z-sinz;z=0 
9. f(z)=l-e*4*;z=1 10. f(z)=l-ait+zte%sz=ni 
11. f (z)=sin z7;z=0 f (z)=sin? 27;z=0 
13. f (z)=sin? z(I-cos”z)32=0 . f (z)=1-cos* 3z=0 
. f (z)=1-G0s77732=0 . f(z)=z°-sin’(z); z=0 
. FAB) =sin"(2"), mneZ*;2=0 18. f(z)=1-cosz;z=0 
Answers 
. —2-+7 is a zero of order 2. 2. +2,+2i are simple zeros. 
. Ois a zero of order 2, i and —i are simple zeros. 4. nz,n=0,+],.... are zeros each of order 2. 


. 2nzi, n=0,+1, are simple zeros. 


3 
5 
6. Ois a zero of order 2, 2nzi, n=+1,+2, 
4 


3 8. 3 9, 1 10. 2 11. 
15. 4 16. 5 17. mn 18. 2 
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4.3 Zeros are isolated 


Def. Isolated zero : A zero z =z, of a function f is said to be isolated if there exists r > 0 such that 
the disc |z = Z| <r does not contain any other zero of the function f. 

Def. Non-isolated zero : A zero z =z, of a function f is said to be non-isolated if everydisc centered 
at Z) contains atleast one zero of f other than z,. 


Results : 
. Ifa function has only finitely many zeros then all of them are isolated. 
. All zeros of a polynomial or rational function are isolated. 
. Ifa function has infinitely many zeros then they may or may not,be isolated. For example, the 


functions sin z,cos z,sinh z,cosh z has infinitely many zeros and all of them are isolated. On the 


; : sin z#0 
other hand consider the function f ( ) = v4 . The zero z =O is non-isolated and the 


0 = (0) 


1 : 
zeros z=——,n #0, all are isolated. 
nt 


4. The identically zero function defined Ona,domain has all non-isolated zeros. 

5. Theorem : Zeroes are isolated): 

Let f #0 be an analytic function in a domain D then every zero of f (z) in D is isolated. 
or 


Let f #0 be an analytic function in a domain D and Zz, be a zero of f (z} then their exists ar > 0 


such that f (z) has-no zero other than z, in the disc |z — Zo| aT 


or 
Let f # 0 be an analytic function defined on a domain D, then the set of zeros of f cannot have a 


limit point in D, i.e., if S is the set of zeros of f then S'() D=@. 


6. Identity theorem and its different forms : 


(i) Let f(z) be an analytic function in a domain D and there is a zero zy of f(z) inside D which 


is not isolated then f (z)=0 ie. f(z)=0 for all z in D. 


(ii) If f is an analytic function defined on a domain D and the set of zeros of f (z) in D has a limit 
point in D, then f =0,ie., f(z)=0 forall zeD. 

(ii) Let f be an analytic function defined on a domain D and let S be any subset of D having a 
limit point in D. If f(z)=0 forall zeS, then f(z)=0 forall zeDie., f =0. 

(iv) Let f and g be analytic functions defined on a domain D and let S be any subset of D having a 
limit point in D. If f(z)=g(z) forall zeS,then f(z)=g(z) forall zeDie yf =g. 


(v) If f(z) is an analytic function in a domain D and PQ is an arc inside D such that f(z) =0 for 
all ze PQ then f(z)=0 for all zinD. 


(vi) In above result, arc PQ can be replaced by a region R. 


Theorem : Let D be a domain and z, ¢ D. Letf is analytic on D —{zy} ie., f may or may not be 
analytic at z,. Let (z,) be a sequence in D such that f (2) =0 foralln and z, — z,, then 
(i) If f(z) is analytic at z, then f =0. 


(ii) If f(z) is not analytic at z) then z, is an isolated essential singularity of f(z). 


1 
in— z#0 
Example: f ( ) ee x : , z=0 isazero of f (z) and also it is an isolated essential 
0 z=0 


singularity. 
Exercise 4.3 


1. Let f be an analytic function defined on open unit disc. Let S be the set of zeros of f. If S contains 


any of the following sets then show that f =0. 


(i) {a:nen| 
n 

ciy4 : net) 
2n+1- 


LA 
(v) Pe nen| 


(vil) ‘5 oe, ine nt 


n 


(ix) {zeDikl=3| (x) {zeD:Im( )=ol 


2. Let D= {z ; [z| x 1} and H (D) denotes the set of all holomorphic functions on D. Suppose 
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r={ren(n):s( 


. What is the number of analytic functions defined on the open unit disc which vanish on the set 


s={0} Uf nen. 


. What is the number of analytic functions defined on the open unit disc which vanish only on the set 


s=| : :neN}. 
2n+1 


. Let f be an analytic function defined on the open unit disc such that f | 


)-0 V n>1+. Then what is card ( ). 
2n+1 


( 


\- an for all n>1, 
n 


3+An 
then find f. 


2 
. Let f be an analytic function defined on the open unit disc such:that f (=| = = for all n=1, 
n +5n 


then find f. 


. Show that there is no analytic function defined on the open unit disc such that f (=) = 3 = for 
n +4n 


all n>1. 


2 
. Let f be an analytic function defined on the open unit disc such that f [1 -+| = [1 -+| for all 
n n 


n=1, then can we conclude that f(z) =z? for all |z|<1. 


2 
. Let f be an analytic function/defined on the open disc [2 <2 such that f [ -*| = [1 = ~) for all 
n n 


n=1, then can we coficlude that f (z) = z° for all [z| 2). 


10. Show that there is no analytic function defined on the open unit disc such that 


m\7 1 1 1 
i — |=— and =1]+ for all n>1. 
y (Z| On (<5) n+l 7 


11. Let f and g are two analytic functions defined on a domain D such that f (z)-g(z)=0 for all 


zéD then prove that either f(z)=0 forall ze D or g(z)=0 forall ze D. In words, we can 


say that, if product of two analytic functions inside a domain D is zero then one of them must be 


identically zero. 
_ If (D) denotes the collection of all holomorphic functions defined on a domain D then show 
that H (D) is an integral domain with respect to pointwise addition and multiplication,of the 


functions. 
4.4 Singularities in finite complex plane 


Def. Singularity or Singular Point : If a complex function f fails to be analyti¢/at a point z = zg, then 
this point is said to be a singularity or singular point of the function. 

Def. Isolated singularity : A singularity z= z, of a function is called isolated singularity if there 
exists a r >O such that the disc |z = Z| <r does not contain any singularity of f other than z,. 

Def. Non-Isolated Singularity : A singularity z>z, of a function f is called non-isolated 
singularity if every disc centered at z, contains atleastone singularity of f other than z,. 


Def. Types of Isolated singularities: The isolated singularities of a function are of three types : 


(i) Removable Singularity (11), Pole (111) Isolated Essential Singularity 
Classification : Let z=z, be an isolated singularity of f (z). Then by definition, there exists a 
deleted neighborhoody of z, in which f (z) is analytic. For any point z of this neighborhood, by 


Laurent’s expansion, we have 


f(z) = > ay (z- 29)" + by (Z—-%)” 


n=0 n=l 


where d, and b, are given as usual. Here YbnlZ —z) ”" is the principal part of expansion of f ( ) : 


n=l 
Now, we give the following definitions : 


Def. Removable singularity : If the principal part of f (z) contains no term (i.e. there is no negative 


powers of (z = Zo) in the expansion of f (z) ), then z =z, is called a removable singularity. 


sin Z 1 


e.g. 
Zz 
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Since there is no negative power of z. Hence z=( is aremovable singularity of f ( ). 
Def. Pole : If the principal part contains a finite number of terms then the singularity z =z, is called a 
pole of f (z) . Further, if b, #0 and b, =0 for all n>m, then z=z, is called a pole of order m. 


Theorem : Pole of order m : A function f analytic in a punctured disc 0 < \z 7 Z| <R has a pole of 


6(z) 
(z-z)" 


Proof: If z =z, isa pole of order m, then f (z) has an expansion of the forms 


order m at z=Zq iff fcan be written f(z)= , where @ is analytic at z=zy and @(zy)#0. 


(oe) m 
f(2) = Ya, (z- 2)" + 9b, (Z— 2)", where b,, #0 
n=0 n=1 


a,(Z—Zo)" +b (z-%) +b (z= Zp) eats 
n=0 


1 — nt+m m— me 
(< 2 ‘i >) an (Zz -Z) ° #bi(z=Zy) ' +b, (z-%) a 
~ KO n=0 


2) where $(z) is analytic and $(z,)=b,, #0. 
(z-Z)” 
Def. Essential singularity : If the principal part contains an infinite number of terms i.e. b, # 0 for 


infinitely many values of n, then the singularity z =z, is called an essential singularity. 
e.g. 


There are infinitely many negative powers of z, so z =0 is an essential singularity of gr 


Another way of/defining various isolated singularities : Let z=z, is an isolated singularity of a 
funetion f(z), then 


(i) \% = zp/is removable singularity of f(z) iff lim f(z) exist finitely. 
220) 


(ii) z=29 ispole of f(z) iff lim f(z)=00. Further, if z=z, isa pole of f(z) and 


lx 


lim(z-z,)"" f(z)=0 and lim(z—z,)" f(z) #0, 0, then n is the order of the pole z= zy, i-e., 


n is the smallest positive integer such that lim(z—z,)' f(z) #0, ©. Also if z =z, is a pole of 


2% 


order n and k is a positive integer such that k >n then lim(z—z,) f(z)=0. 


ZZ 


(iii) z= Zp is essential singularity iff lim f (z) does not exist finitely or infinitely. 
2720 


Results : 
1. Limit point of zeros is isolated essential singularity. 
2. Limit point of poles is non-isolated essential singularity. 


3. Limit point of essential singularities is a non-isolated essential singularity. 


Result : (i) If z=z, is a removable singularity of a function f(z) then z=, is alsoja‘removable 
singularity of the functions e/”, sin( f (z)), cos( f(z)), sinh(f (z)) ands€osh (f (z)). 

(ii) If z=z, is a pole of a function f(z) then z=z, is an essential singularity of the functions 
e'), sin( f (z)), cos( f(z), sinh(f(z)) and cosh(f(z)). 

(iii) If z=z, is an essential singularity of a function f(z) then z=z, is an essential singularity of 
the functions e/, sin(f(z)), cos(f(z)), sinki((z)).and cosh(f (z)). 


Def. Meromorphic function : A function f is meromorphic if it is analytic throughout a domain D, 


1 


except possibly for poles in D. e.g. f{ ) =e i 
vA Ge 


Result : If f(z)= (2) isa rational function and z=zy is a singularity of f(z) and let 


q(z) 


f(z)= (z- zoe (z) 


(z-z0)' w(2) 


(i) If m2=n then z=zgis removable singularity. 


where $(Z) #0 ,W (2%) #0 then 


(ii) If m<n then z=Zp isa pole of order n—m. 


Result : A rational function never has an essential singularity 1.e. all the singularities of a rational 


function are either removable or poles. 


Riemann’s theorem on removable singularity : Let D be a domain ( i.e., open and connected set ) 
and z,€D. Suppose f(z) is analyticon D—{z,}, z, is an singularity of f(z) and f(z) is 


bounded on D then z, is a removable singularity of f(z). 
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Riemann’s removability theorem : Suppose that f is continuous on a domain D and analytic on 


D—-{z,} for some z,¢D.Thenf is analytic on D. 


Exercise 4.4 


Determine singularities in C of the following : 


Zz sin Z 
15. == 
a | f(z) Zz 


14. f(z)= 


1 
17. — 18. = 
F( ) sin z—sina f(z) as 


1 a1. f(z)= 


cos Z7+COSa Zz 


20. f (z)= 


1 


z>(2-cosz) 


2(1 —cos z) 


23. f(z)= 24. f ( a 


26. f(z)=( - z?)cosee(x z) 


coos| *2) 
a 
(ena)(et eosin neZ and b#0. 28. tz) 


f(z) _ (1+ z)cosz 


30. F(z} = cosec Z at 
Zz Zz 


33. F( i 


Type II 


Zz 


Sle seo"* 


zy 
z+2 


Type III 


54. f (z)= 


Answers 
1. No singularity 
2. No singularity 


3. z=(2n+1)zi,ne Z are simple poles 


J.R. INSTITUTE OF MATHEMATICS 


189/35 BEHIND RAILWAY STATION, VAISH COLLEGE ROAD, ROHTAK PIN-124001 (HARYANA) 
E-mail us on - jrinstituterohtak@ gmail.com, balwanmudgil54@ gmail.com Mob. 8607383607, 9802177766 


Page 15 


. Z=2n7i,neZ are simple poles 
z=0 is the removable singularity and z =2 is the simple pole 
. z=+2i are the simple poles 
. 2=(2n+1)zi, neZ are the simple poles 
8. z=2nzi, ne Z are the simple poles 
9. z=0 is the pole of order 2 and z = 2nzi,n = +1,+2,.... are the simple poles 
. z=0 1s the pole of order 3 and z=2nzi, n=+1,+2,.... are the simple poles 
. z =i are the simple poles 
. No singularity 
. z=0 is the removable singularity 
. z=0 is the removable singularity and z= 2nzi, n=+1,+2, are the simple poles 
. z=0 is the removable singularity 


. z=n, né€Z are the simple poles and z=a, a¢ Z is the poleof order 2 


: z={2nzr +a}, {(2n+1)x-a}, néZ are the simple poles. 


. z=0 is the removable singularity and.zg =n7z, n=+1,+2,.... are the simple poles. 

. z=0 is the removable singularity 

. 2=(2n+1)a+a, ne Z is the simple pole 

. z=0 is the pole of order 3 and z=nz, n=+1,+2.,.... are the simple poles 

. z=0 1s the pole oforder 2 

. z=0 is the pole of order 3,and the roots of cos z=2 are the simple poles. 

. z=0 is the removable singularity 

. z=0 is the removable singularity and z=nz, n=+1,+2, are the simple poles 

. Z=1 are the removable singularities and z=n, n =0,+2,+3,.... are the simple poles 

. z=0 isthe pole of order 4 and z=a is the removable singularity, z=-+tib are the simple poles 
and z=nz,n=+1,+2,... are the poles of order 5. 

. z=0 1s the pole of order 4 

. z=0 is the simple pole 


. z=0 is the removable singularity and z=nz, n=+1,+2...... are the simple poles 


. z=1 1s the pole of order 3 and z= - is the pole of order 2 


. Z=-ia is the removable singularity 


. z=1 is the pole of order 2 
1. : : i ; 
2 5 is the removable singularity and z= 5 is the simple pole 


. z=1p is the pole of order 4 and z =~—gq is the pole of order 3 

. z=1 is the essential singularity and z= 2nzi, n=0,—1,+2,.... the simple poles 

. z=0 is the removable singularity and z=nz,n=+1,+2,.... are the essential singularities 
. Z=da is the essential singularity 

. 2=2nm, ne Z are the essential singularities 


. z=0 1s the essential singularity 
. z=0 1s the essential singularity 


. z=0 is the essential singularity 

. z=0 is the essential singularity and z=+2i are thesimple poles 

. z= -2 is the essential singularity 

. z=0 is the pole of order 2 and z=1 is the essential singularity 

. z=A4 is the essential singularity 

. z=2015 is the essential singularity 

. z=0 is the essential singularity and z==2 are the simple poles 

. z=0 is the essential singularity and z=2 is the simple pole 

. z=0 1s the essential singularity 

. z=0 is the essentialsingularity and z=1 is the removable singularity 
.z =0 is the removable singularity, z= is the pole of order 12, z =4 is the essential 


singularity and z==a;+ 27, +3z,.... are the poles of order 10. 


. z=0 is the non-isolated essential singularity and z= ,n €Z, are the simple poles. 


(2n+1)x 


; . end : 1 : 
. %= OAs the non-isolated essential singularity ; z =——,n = +1,+2,+3,.... are simple poles. 
na 


. z=0 is the non-isolated essential singularity and z= ,n €Z, are the simple poles. 


(2n+1)a 
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4.5 Behaviour at infinity 


Def. Behaviour At z= : The behavior of a function f (z) at z=oo is defined to be same as that of 


the function f (=| at z=0. 
z 


Note : C =Complex plane or finite complex plane and C,, =CU {co} = Extended complex plane. 


Results : 
. The constant function is analytic at z=00. 


. Constant function is the only function which has no singularity in C,,. 


. A polynomial of degree k has a pole of order k at the point z=00. 


Tf f(z)= Pz) is a rational function where deg(p(z)) =m and deg (q(z)) =n, then at the point 


q(z) 

z=0, we have the following behavior: 

(i) If m<n then z=oo is removable singularity. 

(ii) If m>n then z= isa pole of order m—n. 
Def : Transcedental Entire Function : A non-constant, non-polynomial entire function is called a 
transcendental entire function. 
5. An entire function is analytic at z =ooaffit is a constant function. 
6. An entire function has a pole atez=00 of order k iff it is a polynomial of degree k. 
7. An entire function has isolated essential singularity at z =oo iff it is a transcendental entire 

function. 

finite iff f (z) is constant 
8. Let f(z) belamentire function then lim f(z) =e iff f(z) is a polynomial 
zo 


does not exist iff f (z) is transcedental 


Exercise 4.5 


Find the behaviour of the following functions at z =< 


1. f(z)=sinz 2 f(z) =sin~ 


& 


Behavior in C i.e. finite complex plane 


Behavior at z =o 


Analytic everywhere 


Isolated Essential 


Singularity 


Isolated essential singularity at z=O0 and 
analytic elsewhere. 


Analytic at z=00 


Simple pole at z=Ojtayt27,... and 


analytic elsewhere. 


Non-Isolated 
Essential Singularity 
at 7=00 


Simple pole at a ae and non- 


we 2 
isolated essential singularity at z=0 and 
analytic elsewhere. 


Simple pole at z=00 


Analytic everywhere 


Isolated Essential 


Singularity 


Isolated Essential Singularity at z=0 and 
analytic elsewhere. 


Analytic at z=00 


0,+1,+2.,.... 
elsewhere. 


are simple poles and analytic 


Non-Isolated 
Essential singularity 


z=0 is non-isolated essential singularity 


and z=+ 2 are simple poles and analytic 
n 


elsewhere. 


Zz =o is simple pole 


Analytic everywhere 


Isolated Essential 


Z=a, is isolated essential singularity and 
analytic elsewhere. 


Analytic at z=00 


z=atnaz, n=0,+1,+2, 
poles and analytic elsewhere. 


are simple 


Non-Isolated 
Essential Singularity 


J.R. INSTITUTE OF MATHEMATICS 


189/35 BEHIND RAILWAY STATION, VAISH COLLEGE ROAD, ROHTAK PIN-124001 (HARYANA) 
E-mail us on - jrinstituterohtak@ gmail.com, balwanmudgil54@ gmail.com Mob. 8607383607, 9802177766 


Page 19 


zZ=a is non-isolated essential singularity 


1 : 
and z=a+—,n=+1,+2, are simple 
ni 


poles and analytic elsewhere. 


z= is simple pole 


Analytic everywhere 


Isolated Essential 
Singularity 


z=a, is isolated essential singularity and 
analytic elsewhere. 


Analytic at z= 


z=atn,n=0,+1,+2, are simple poles 
and analytic elsewhere. 


Non-Isolated 
Essential 


Z =a is non-isolated essential singularity, 


(1a are simple pole and analytic 
n 


elsewhere. 


Zz =o is simple pole 


Analytic everywhere 


Isolated Essential 


z=0, is isolated essential»singularity and 
analytic elsewhere. 


z=o , Analytic 


#(2n+1)> is simplerpole and analytic 


elsewhere. 


Non-Isolated 
Essential 


z =0_is non-isolated essential singularity, 


e_ are simple poles and 


+(2n+1) > 


analytic elsewhere. 


analytic at z =00 


Analytic everywhere 


Isolated Essential 


At z=0, isolated essential singularity and 
analytic elsewhere. 


Analytic at z=00 


Analytic everywhere 


Isolated Essential 


z=0, is an isolated essential singularity 
and analytic elsewhere. 


Analytic at z=00 


4.6 Residues at a finite point 


Residue at a finite point : Let zp be an isolated singularity of a function f and R be the positive 
number s.t. f(z) is analytic at each point z for which | z—zo|< R. The Laurent expansion of f(z) 
about z= Zo is given by 


faa > A,(Z— 2%)" + AC —%) ” 


n=0 n=l 


f(z) f(z) 


where 


=] a ed 
n oni Cora ? n oni : Gaz) 


Here C is any circle around zp and lying in the domain | Z— Z| <R. For m=1, the expression for b, 


can be written as : | faz =2nib, => b, = | pede 
. 2m, 


The number b,, which is the coefficient of in expansion (1) is called the residue of f at the 


£— £09 ) 
isolated singularity zo. We use the notation Res( f(z);Zp) 4.e., Res( f (z);z0) a 


Theorem 1 : If f is analytic at z,, then Res| f(z): zy |=0. 
Theorem 2 : If f has a removable’singularity at z), then we have Res [ f (z);z0 | =0. 


Theorem 3 : If f has an isolated singularity at z,) and if fis even in z—Zg, 


ie, f (z— 2) =F (-(z— zg), ther! Res| f(z); zy |=0 

Proof : Suppose.that fis even in z—Zg. Then the Laurent series expansion around z,) cannot have odd 
powers of z—2zg.Hence, the assertion follows. 

Theorem 4 : Residue at a Simple Pole 


If f has a simple pole at z=z,, then Res(f (z).Z0)= lim (z-z)f (z). 


Zw) 
Theorem 5 : Residue at a Pole of Order n 


n-l 
If f has a pole of order n at z=Zg, then Res(f(2).20)= [gp lim, Ser 220)" F(2) 


Theorem 6 : Suppose a function f can be written as a quotient f ( )= 7 = , where g and h are 
Z 


analytic at z=z. If g (zo) #0 and if the function h has a zero of order | at z, then fhas a simple 
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pole at z=z, and Res( f (z),Zo)= 8 (20) 


(zo) 
Theorem 7 : Cauchy’s Residue Theorem : If D is a simple connected domain and C is a simple 


closed contour lying entirely with in D. If a function ‘f is analytic within and on C, except at a finite 
number of isolated singularities z,,z5,...,z,, within C, then [ f(a = 27ni > Res(f (x zx) 
C k=1 
Results : 
2. If f and g are analytic in a deleted neighborhood of z,, and if a and b € ©, then 
Res| a f (z)+bg(z)3zo | =aRes| f (z); 2 ]+bRes| g(z)3z0 | 
ea (z) has an isolated singularity at ae C with nonzero residue at z =a, then the residues of 
f'(z) and (z-a)f '(z) at z=a are zero. 
. If f has an isolated singularity at a, and c is a non-zero complex number, then f (cz) has an 


isolated singularity at “and Res| £(2):4| 7 AResf FZ):4] 
c om ee 


. Let p(z) and q(z) be polynomials with no common zeros, and with degrees m and n, respectively. 


_ Plz) then 
= 


(i) f has a removable singularity at 00, if n=>m 


(ii) Res| f(z); |=O,if n=m+2 


Exercise 4.6 


In problem 1-6, use an appropriate Laurent series to find the indicated residue. 


In problem 7—16, find the residue at each pole of the given function. 


42+8 
eC ee ser 8. F()= 


9. f(Z)= 


4 2 
gz oz 


527-4743 


FEI ean fern ees) 


COS Z 


2 (z-a) 


13. f(z)= 


1 
ZSiInZ 


15. f (z)=secz 16. f (z)= 


In problem 17—20, use Cauchy’s residue theorem, where appropriate, to evaluate the given integral 


along the indicated contours. 


ie: (— ae (a) Il=5 (b) ils (c) |z|=3 


— 


(a) |z|=1 (b) |z-2i|=1 (c) |z-2i]=4 


[Bee de (a) |z|=5 (b) |z+i]=2 (c) |z-3/=1 
Cc 


20. | 1 — dz (a) |z—2i|=1 (b) |z-2i|=3 (c) |z|=5 
ce Sins 


In problem 21—34, use Cauchy’s residue theorem to evaluate the given integral along the indicated 


contour. 


1 1 3 
1 _ :/Z—3i|= . |—— :|z-2/=— 
} "EPR waa \z 3i| 3 if |z | 5 


7 eC: fe|=2 —_—* dz, C 16x" + y’=4 


c(z4+1) 2 (<41)(z? +1) 


~de,C |z|= 2 Janeee |z|= 3 


oz +2z 


| ate de, C:|e—H=2 e( 


Cc Cc 


ae, :|e|= 
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q [ cota cdz,C is the rectangle defined by xa .t=a,yaohyal 


2z-1 


dz,C is the rectangle defined by x=—2,x=1, ya-5, y=l1 


ze* 


4 
gt 


Jiscsate ta 


dz,C :|z-1|=1 
9 


ae dz,C is the semicircle defined by y=0, y=V4—- 4e 
= 


ca 
: Jer dz,C :|z-1|=3 


Answers 


4 -2 


10. Res( f(z).1+i)=— 
Ib, Rés( f (z),—-1)=6,Res(f (z),-2)=—31,Res(f (z),-3)=30 


12. Res( f (z),-3)= 


. Res( f (z),2n7i)=1, n 


(2n +1) 


Re r(2) 


18. F in —7i: 20. 0:0:0 
2 2 
99. j 2A. wi 
. 2zicoshl 26. a 


. 6 30. 


-(5sin1+cos1) = 
25 


4.7 Residues at infinity 


Residue at the point at infinity : Let / be analytic in a deleted neighborhood of the point at infinity, 


then Res( f (z);20) = = fA@)ide 
c 


In other words, Res( f ( %);00) is the negative of the coefficient of — in the Laurent series expansion of 
Zz 


f (z ) with centre at the point at infinity. 


Results : 
Its Res((P(c)9) Res] 
Zz 


2. Iff.isanalytic at oo and has a zero of order n(> 2) at oo, then Res| f (z);0 | =0 


3. Iff is analytic at oo and has a simple zero at «©, then Res| f(z); | =- lim z f (z) 
zZ—00 


n 
4. Iff has a pole of order n at ©, then Res| f(z); | = lim CETaEAMLG, 
zoao( n+l): 


In the case when f is analytic at oo, then this formula continues to hold if n=0. 
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Exercise 4.7 


3 


1. Find the residue of = i at z=. 


Answers 


J.R. INSTITUTE OF MATHEMATICS 


189/35 BEHIND RAILWAY STATION, VAISH COLLEGE ROAD, ROHTAK PIN-124001 (HARYANA) 
E-mail us on - jrinstituterohtak@ gmail.com, balwanmudgil54@ gmail.com Mob. 8607383607, 9802177766 


Page 1 


True-false exercise 


tan z has singularities at z= (2n+ Ne for 


n=0,+1,¥%2,.... 
Ti . 
aad is a zero of cosh z. 


If p(z) is a polynomial in z then the 
function f(z) =1/ p(z) can never be an 
entire function. 


Suppose a function f has a Taylor series 
representation with circle of convergence 


|z—-z,| =R,R>0O.Then/f is analytic 


everywhere on the circle of convergence. 


Suppose a function f has a Taylor series 
representation centered at z,.Then/ is 
analytic everywhere inside the circle of 
convergence \z — Z| =R, R>O, and is not 


analytic everywhere outside \z - in =R. 


If the function f is entire, then.the radius of 
convergence of a Taylor series expansion 
of f centered at z, =1—7 is necessarily 
R=o0., 


If f is non-constant and analytic at z,, then 


Ff (Z) #0 forsomen > 1. 


If f is analytic throughout some deleted 
neighborhood of z, and z, is a pole of 


order n, then lim(z— Zo) f(z) #0. 


A singularity of a rational function is either 
removable or is a pole. 


. The function f(z) = 


tft 
2° +2iaz—-1 
has two simple poles within the unit circle 
ld=1. 


a>l, 


. z=0 isa simple pole of (2) = cotz. 
Zz 


. If z, is a simple pole of function f, then it 


is possible that Res(,f(z), Z) )=0. 


. For a>1 and b-real, 


e” 2zisin(b / a) 
22 dz = ——_.. 
14 Stl a 


. For:z=x+iy, coshx is never zero and 


cosh z has infinitely many zeros when 
y#Op 


. The zeros of sin(1/ z) are z=l/na(neEZ) 


and each zero is isolated. 


. If the zeros of an analytic function are not 


isolated then f(z) =0 throughout the 
domain of analyticity. 


. An entire function f(z) having z= asa 


removable singularity is constant. 


. An entire function f(z) has a pole of order 


n at infinity iff f(z) is a polynomial of 
degree n. 


. If f(z) has a pole at z,, then exp{ f(z)} 


has an essential singularity at this point. 


. If f(z) is a nonconstant entire function, 


then exp { I (z)} has an essential singularity 


at z=. 


21. If ais an isolated singularity of f which is 


not removable, then a is an essential 
singularity of exp { f (z)} ; 


. Poles are isolated. That is, f has a pole of 
order m at aiff f(z) =(z-a) "g(z), 
where g is analytic at aand g(a) 40. 


. Suppose f has an essential singularity at 
z=a and ghasa pole at z=a. Then the 
product fg has an essential singularity at 
Z=a. 


zi+l 
(az—|z) (Bz-|z/) 
a,pe C\{Ol(a # B) has two simple poles 


. The function f(z) = 


at z=a@,B anda double pole at z=0. 


. The function f defined by the Laurent 


=1 2k oo} k 


: Z Zz 
series f(z) = + has an 
f( Pi (-k) ! 2, gk 


essential singularity at the origin. 


. If is meromorphic, then f and f' have the 
same poles and the order of the poles of f' 
increases by one. 


. The function f(z) =— : has a 
sin(1/ z) 


singularity at the origin and the Laurent 
series expansion about the origin does not 
exist. 


._ If is a rational function such that the 
degree of its denominator exceeds that of 
numerator by,at least two, then the sum of 
residues at all the poles is zero. 


. If) f(z) is analytic at ©, then f'(o)=0. 


1/(z-1) 


. The function f(z) = ; has a simple 


z 


pole at z = 2kmi(k € Z) and an essential 
singularity at z=1. 


sin Vz 


If f(oj= a , then z=Oisa 
Z 


removable singularity of f. 
. Iff and g are analytic in a deleted 
neighborhood of z, and if a and beC, 


then Res| af (z) +bg(z); Z| 
= aRes| f (z);z,)]+bRes|[ g(z);z, | 


_ If f(z) has an isolated singularity atweC 
with nonzero residue at z=a, then.the 
residues of f(z) and (z—a)f'(z) at z=a 
are zero. 


._ If f has an isolatedssingularity at a, and c is 
a non-zero complex number, then f (cz) 


has an isolated singularity at a/c, and 
Res| f (c );a/c|=(1/c)Res[ f(z);a]. 


. [ff is analytic at oo and has a zero of order 
n(= 2)vat o, then Res| f (z);~] =0. 


._ If f is analytic at oo and has a simple zero 
at oo, then Res| f(z);0] =—lim zf(z). 


. There exists an analytic function in the unit 


1 1 
disk D such that es = 
(=| (545) 


for n>2. 


. There exists an analytic function f in the 


unit disk D such that 
fd/n)=(n+l)/(n-]) for n=2 


. There exists an analytic function f in the 


unit disk D such that f(i"/n)=—n™~ for 
n=2. 
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Assignment 


1. The value of | = , where C:|z|=4 is 


C sin z 


1. 27i 2. 0 
3. -—27i 4. 4zi 


2. The value of I. tanh zdz, where C: |z|=3 is 


1. O 2. mi 
3. 271 4. 4zi 


(3z+4) 


dz, where C is the 
z(2z + 1) 


3. The value of § 


circle |z|=1 is 


1. 277i 
3. 4 


4. j fea is equal to 
oZ-a 


1. 2nif (a) 
3. 2mi res f (a) 


. 2nilmf (a) 
. —2nires f(a) 


5. \.s ua ae has the value around the 


positive oriented circle, C : |z|== 


1. tanl 2. 2i tanl 


3. tail 4. None of these 
2ni 


! 2: 
6¢ Value of 2 a TEES 


2ni Mie (z = 1) 
aD 2. 0 
‘ni 4. None of these 


dz 1s 


cot ( (xz) 


z-i) 
contour fe + y’ =2 (counter clockwise). 
Then, / is equal to 


7. mie dz , where C is the 


8. The value of = oS a, where Cis a 


closed contour long theorigin is 


i 2nia~" 


n! 


n 2 
3. 271 fs) 
ns 


9. The value of the integral 


. 2 ) 

sin zz +cosmz : 

J ——_____——- dz, where C is the 
Cc 


(2-4)(2=2) 
circle |z|=3 traced anti clockwise, is 
1. -27i 2. it 
3. -in 4. 2ix 


10. Let [° be a simple closed curve in the 
complex plane, then the set of all possible 


values of I : 


. {0,+ zi} 


I . {0,+ zi, 277i} 
3. {0,+ mi, +2zi} 


- {0} 


2 
4 
11. If De Nice cot zzdz, then J is equal to 


1. 207i 2. 20i 
3. 2077i 4. 10i 


1D. Tet. 7 (z)= 


(2-1 (2+3) 


circle I= described in the positive 


and IT be the 


sense. Then I. t (z)dz, has the value 


ag 
. The value of f. als where C is a 
ze =e 
simple closed path (anti clockwise) 
enclosing the points z=0 and z=1 is 


1. -6z 2. —67i 
3. 677i 4. None of these 


. The value of the integral /= fer a is 


where C:|z|=3x 
1. 27 2. 371 3. 67i 


. Given that ‘a’ lies inside the closed 
contour C, the value of the integral 


1 ze* 


=f "gp j 
a Gea) Z is 


1. e (1+a) 


= Let pz ee for zeC. If C:|z-i|=2, 


n=0 


hos f (2 se is equal to 


1. es 2: 2ni(1—15i) 


3. 2ni(1+4i) 4. 2ni 
(GATE 2009) 


. Let Tbe any circle enclosing the origin 
and oriented counter clockwise. Then the 


4. undefined 
(GATE 2002) 


18. Let (\ (2-2) dz=4n, 
(g-2) 


& 


where the close curve C is the triangle 

: : Maley 1-i 
having vertices at 7, Pa and BD . The 
integral being taken in anti clockwise 
direction. Then, one value of ais 
1. 1+i VD. 2+% 
3. 34+i 4 4+i 

(GATE 2012) 


. Let J= Je7 a where 


—1)(z=2) 
f(z) Sot ca and C is the curve 


|z|=3 oriented anti clockwise. Then, the 


value.of I is 
1. 477i 2. 0 3. -27i 4. -4zi 
(GATE 2010) 


cot(7z 
=| ears where C is the 
G29 
contour 4x* + y?=2 (counter clockwise). 


Then, / is equal to 
1. 0 


(GATE 2003) 


2 = dO : 
' I ——_——— is equal to 


» 13-—5sin@ 


(GATE 2004) 


. For the positively oriented unit circles, 


2Re(z) 
zt+2 


dz 


3s 2a 4. Ani 
(GATE 2004) 
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23. The value of the integral p=, 
V4 cm. 


C3 |z|=4 is equal to 
l. wi 2. 0 


4. 27i 
(GATE 2000) 


2. —27i 
4, 1 
(CSIR NET June 2015) 


————.,, where 

=2): 
er a Then 
1. I,=2ni if re(2, 3) 


2, 4, = ifre (0,1) 


3. I, =—-2aiifre (1,2) 
4. 1.=Oifr>3 
(CSIR NET Dec 2011) 


. The function f(z)=cosz is 
1. analytic anywhere 
(n + 1) 1 


2. singularities at z=+ 5 


; ” ni 
3. singularities at Z="5 


4. None of thevabove 


. Thefunction f(z)=—— is; n>0 
z 


. analytic for all z 

. singularities at z=0 
. singularities at n =0 
« None of these 


28. The poles of function f (z)= sin are at 
COS Z 


(2n+1)x 


1. , Nis any integer 


2nt ; 
2. = nis any integer 


3. nt 
4. None of the above 


. If z=a isan isolated singularity of _f, then 


a is the pole of f, if 
1. lim|f (z)|=0 2. Aim| f-(z)|=a 


i-a 


(<)| =O 4. None of these 


. If z=a isan isolated singularity of f and 


-Sa, (z—a) is its Laurent 


Expansion in ann(a;0, R). Then, z =a is 


a removable singularity, if 
eer U,n <1 2. a,#0,n<-—1 


3. M=0,n 2-1 4. a,40,n2-1 


. The simple pole of the function 


f (z)=————- iss 
See 

1. at z=-2 2. at z=-l 

3. at z=+4+1 4. at z=+2 


If f(z)= —. then at z=00, f(z) have 


. pole 

. removable singularity 

. isolated singularity 

. non isolated singularity 


. If z=a isan isolated singularity of f and 


Z=da, (2 —a)" is its Laurent 


expansion in ann(a; 0, R). Also, if 
a_, #Oand a,=0 forn<(m+1), then 


1. z=a is removable singularity 
2. z=a isapole of order m 

3. z=a is an essential singularity 
4. None of the above 


x have the pole of order 


35. Iff have an isolated singularity at z=a 


and f(z)=.a,(z-a)" is its Laurent 


expansion about z=a. Then, residue of f at 
Z=a Is 
Ie 4s 


3. Gs 


. If z=a is an isolated singularity of f and 
f (z)=oa, (z —a)" is its Laurent 


expansion in ann(a;0, R). Then, z=a is 
an essential singularity, if 

1. a, #0 for all integers n 

2. a, =O for all integers n 

3. a, #0 for infinitely many negative n 


4. a, #0 for many positive n 


. If z=a is an isolated singularity of f and 
f(z)=>.a,(z-a)’ is its Laurent 


expansion in ann(a; 0, R). Then, if a, =0 
for n<-l, z=a is 

1. apole 

2. an essential singularity 

3. a removable singularity 

4. None of the above 


: sin 

. The sum of the residues of f (z)= 
ZCOSZ 

at its poles inside the circle |z|=2 , iS 


1. 0 2. 1 
3; -1 4.2 


. If f has a pole of order m at z=a and 


g(z)=(z-a)” f(z), then 
1 m-1 
1. A Gon (a) 


2. res(fsa)=g'"" (a) 


. Taylor’s expansion of f ( )= 


3. res(fFua)= yea) 


4. None of the above 


. If z=a is an isolated singularity of f and 


f(z)=3.a,(z-a)" is its Laurent 


expansion in ann(a;0, R). Then,q=a isa 
pole of order m, then 

1. a_,, #0 and a,=0 forn<—(m+1) 

2. a_, =Oand a, 40 forns—(m+1) 

3. a_, =Oand a, =0 for m<—(m+1) 


4. None of the above 


1 
(z+1) 


2, 
about the pomt z=—i is 
1 


1 
1.Q2i —2)+—+—_ 


4. None of the above 


. If z=a isa singularity of f(z) such that 


f (z) is analytic at each point in its 
neighbourhood, then z=a is called as 
1. a removable singularity 

2. an isolated singularity 

3. an essential singularity 

4. None of the above 


. If z=a is an isolated singualarity of f 


and f(2)=.a,(z-a)" is its Laurent 


expansion in ann(a;0, R). Also, if a, #0 
for infinitely many negative integer n, then 
1. z=a is aremovable singularity 

Z=a isa pole of order m 


2 
3. z=a is an essential singularity 
4. None of the above 
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44. If function f(z) has an isolated 51. Ifa function f(z) is analytic within a 


singularities at z=a, then z=a has 
removable singularity, if 
1. lim(z—a)=0 2. lim f (z)=0 


3, lim(z—a) f (z)=0 4. None of these 


. Which of the following functions does 


o n 
F & 
represent the series pie for |z|< co? 
n=0 fs 


1. sinz 2. COSZ 
3. e& 4. log(1+z) 


. When 0< Fa <4, the expansion of ; 


Lk 
is 
0 ge wo (| Me ge 
ap Non 2. ae 
nao + n=0 4 


0 n-1 


3. >= 4. None of these 


n+l 
n=0 4 


. A function which has poles as its only 
singularities in the finite part of the plane is 
said to be 
1. an analytic function 
2. an entire function 
3. a meromorphic function 
4. None of the above 


. For the function f (2) 37 z=00 is 
1. isolated essential singularity 
2. pole 
3. ordinary point 
4.“None of the above 
‘ Number of poles of the function 


i 
ey=- is 


l¥2 2. 4 
3. infinite 4. None of these 
. The number of isolated singular points of 


. eo. 
PU) a0 63) ” 


1. 1 2. 2 


. The function f (z) 


circle C with its centre z=a and radius R, 


then for every point z inside C, 


F(<)=Ya,(z—a)", where a, is equal to 


n=0 


f(a) 


fP (a) 
n! 
3, fh) (a) 4. None of these 


1. 2. 


sin 2° 4cos7z7 


(er 1)Az-2) 
have the poles 
1. m=1,2 2. m=-1,-2 
3. m=2 4. None of these 


. The residue of the function 


Ry e-2) (G0) is 
i res f (-2)=2 


a res f (-2)== 


. For the function f ( )= 


z=0 is 

1. a pole of order 3 

2. a pole of order 2 

3. an essential singularity 
4. aremovable singularity 


_ If f (z)=2’, then it 


1. has an essential singularity at z=oo 
2. has a pole of order 3 at z=0o 

3. has a pole of order 3 at z=0 

4. is analytic at z=0o 


-Z 
z 


. For the function f ( j= = , the point 
Zz 


z=0 is 
. an essential singularity 
. a pole of order 0 
. a pole of order one 
. aremovable singularity 


57. The residue at z=oo of 


3 
= Zz 
PM CayG-ae5) 
1. O 2. —10 
3. 10 4. None of these 


is 


tan z 


. e 
. The function f(z) aa has 
. countable number of essential 
singularities 
. only singularity of f(z) are simple 
poles 
. uncountable number of essential 
singularity 
. None of the above 


. If f(z)= = , then 


el 
1. f is an entire function 
2. f has removable singularities at 
z=2nni,neEeZ 
3. f has poles at z=2nzi with residue 1 
for nEeZ 
4. f has an essential singularity at z=0 
3 


. Residue of f (z)= : at 


(z-1)'(<-2)@ma) 
z=3 Is 


ee et BL 
16 16 


3 
z 


. Residue of 4 at z=00/1S 
z 


2 =A 3. 0 4. © 


. A point ‘a’ is called an isolated singularity 
of the function f(z) if in a deleted 


neighbourhood of a the function f(z) is 


analytic and at a the function f(z) is 


1y analytic 2. not analytic 
3. may be analytic 4. None of these 


n 


. For the function f ( )=2S'(c+a)", the 


Z k=0 
residue at z=—a when a<40O and al 
1. 1 2. —n 


64. For the function f (z)=sin 3 


ef 
choose the correct answer. 
l. f (z) has no singularity 
2. f(z) has finite number of singularity 
with exactly one 
. all the singularities of f(z) are pole 


4. infinity is simple pole 


. If the function (f(z) is analytic inside and 


on a simple closed curve C and if ais a 
point within C and if C be traversed in the 


positive sense, then f (a)= 
1. —) f (z)dz 


2ni 


—f Li, 
wr 2ri 1° z—a 


3, > Las 


Cz-a 
4. None of these 


. The function f(z)=z"e* at z=oo has 


1. non isolated essential singularity 
2. pole of order m 

3. pole of order m+1 

4. isolated essential singularity 


67. The residue of a at z=0 is 


Zz 
1 


a) 


4. None of these 


68. Laurent’s expansion of the function 


for [2| >2 Is 
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69. The residue of f(z)=coseczz at z=nis 


74. The residue of f(z) at z=2 where 
1. (-1)'n 2. -1 3.1 4. (-1)" ; 


70. Which of the following does give the 


residue at z=oo of any function f(z) 


is/are 


‘ oat 1. 
. negative of the coefficient of — in the 
Zz 


expansion of zf(z) in nbd of zero 
4. All of the above 


. Define a complex function f(z) by 
=i 
> 240 then 
, z=0 


1. at z=0, f(z) is continuous 

2. at z=0, f(z) has removable singularity 
3. at z=0, f (z) has essential singularity 

4. f(z) is analytic at z=0 


. The analytical part of Laurent’s series is 


2. Sa, (z —a)’ 


n=0 


4. None of these 


. Function g is defined by 


g (z) =z’ sin (+) has at infinity 
z+l1 


. a pole of order 4 

. a pole of order 3 

. removable singularity 
. essential singularity 


. The third term in the expansionof tan z 


with the help of Maclaurin’s series is 
1. ES a es 

5 3) 

2s 


.—2Z 4. None of these 
15 


1 FZ ~ , then the number of 


sinh z 
singularities of f (z) on the real line 
segment (—nz,nz ) 


lin . 2n-l 
3. 2n+1 4. 1 


. The [ be any circle enclosing the origin 


and oriented counter clockwise. Then, the 


One dz is 
vA 
1. 2n 2. 0 


3. —27i 4. undefined 


value of the integral I. 


. The general term in the expansion of 


cosh z with the help of Taylor’s series is 
2n 
Z 


: (2n)! 


4. None of these 


. If g(z) is analytic at z=a and f(z) has 


a pole of order k at z=a, then 


3; —kg (a) 4. —k!g (a) 

80. If f(z) is analytic and has a pole at z=a, 
then lim f (z)= 
1. 0 2. any constant 
3: 4. None of these 


. Let abe an isolated singularity of f (z) 


and if | i (z) is bounded on some 


neighbourhood of a, then a is 

1. removable singularity 

2. essential singularity 

3. isolated singularity 

4. non isolated essential singularity 


. Polynomial f (z) of degree n has a pole of 


order n at 
1. zero 2. infinity 


3. |z|=1 4. nowhere 


. The residue of the function 
2g 


(2+4)(z—-1) at the point z=l 1S 


EE sinz=Yra,( 2-4) , then a, is equal 


n=0 


oi 
720J2 


. Forthe function 


tt log, (z-2) 


7><=—1-i isa pole of 
(27 +2z+2) 


1. 1 ae: ae 4.4 


86. If f(z) has a pole at z=a, thenas za 
1. |f(z)]>0 2. |f(z)|>a 
3. |f(z}| 2% 4. |f(z)]>-0 


87. The residue at z=1 for f(z)= 

l. e ix 

4 

2i 
88. If f(z) has a zero of order n at z=a, then 
FO] has a pole of order n atyz= 
i : 
3: 


v. 0 


f(z) 


4. None of these 


89. The function z has a pole of order 


eel 
p and residue rat z=1, then 


1. p=L ra 2, p=3r=s 


3™p =3, r=1 4. p=l,r=1 


90-Ifa single valued function f(z) is not 
defined at z=a but lim f (z) exists, then 


z=a is known as 
. an isolated singularity 
. an essential singularity 
. aremovable singularity 
. None of the above 


2 
Zz —2z 


(z+) (2° +4) 


91. Residue of at double pole 
as z=—1 is 
ie 

25 


92. For the function f (Zj=— 


z° sin rz 
the following is true 
1. n=1,2,3,... are the only simple poles 


2. z=0 is pole of order 2 
3. z=0 is pole of order 3 


2 
F . a 
4. residue at z=0 is = 
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: 1 : . an essential singularity 
93. Function f (z)=——_——_ in the 1 
(2 ? me ij 3) abe singularity 


domain [z| >3 has a Laurent’s expansion None 6f the above 
given by 
. At z=00, the function f (z)=cosz—sin z 
has 
1. aremovable singularity 
2. an essential singularity 
3. anon essential singularity 
4. None of the above 


. The sum of residues of the function 
3 
Zz 


z-1)(z-2)(z-3)| 


at 1, 2,3 and 


1 
. For the function f ( )=e, z=0 is 


1. an essential singularity ; a | 


2. a pole : 4. None of these 
3. aremovable singularity 
4. 


None of the above 100. An example of a function with a non 
isolated essential singularity at z=2 is 
1 
es 1 . 
2(z’-3z+2} 1. ae 2. ae 
for the region 1<|z|< 2 3. et) 4 tanz22 
oo 1 oO Zz n zg 
+ Z” ee ee 
de; 


0 


. The expansion of f (z)= 


1 
1. — 
2z 101. If @(z)=Re(z)+ f(z), where f(z) is 
a meromorphic. Then 
2z 1. $(z) is meromorphic 
a 2. ¢(z) and f(z) has same number of 
2zZ singularities 
. $(z) is analytic in every closed and 
bounded region provided it has no poles 
. $(z) is nowhere analytic 


The coefficient of Z in the Laurent series 
. z 102. If the function f(z) has a pole of order 
sin Z 


of —— is m> | at the point z=a, then Res f (a)= 
z 
1 ‘i d™ m 

1. in] 2 {(c-a) i)] 


m| za 


4. None of the above 


103. If f(z) is analytic in D—{a} and 
bounded in 0< \z - a| <r, then 
. f(z) has simple pole at z=a 
. f(z) is analytic at z=a 
. f(z) has removable singularity at 
22a 
. f(z) is either analytic at z=a or has 


removable singularity there at z=a 


104. The residue of the function f(z) at 


infinity having simple zero at infinity is 


1 
Sia? Aid 
1 


> Dia? 
106. If the radius of convergence of the series 


F(2)=da,(z-z)" is finite, then f(z) 


n=0 
has atleast one singularity 
1¥ on the circle of convergence 
2. inside the circle of convergence 
3, outside the circle of convergence 
4. anywhere 


107. The residue of f (z)=tanh z at the 
singular 
point is 


4./None of these 


F(z 
G(z 
pole at z=a such that F(a) #0, 

G(a)=0 and G'(a) #0 then Res f (a)= 


F(a) 
1. 2: Ga) 


108. If the function f (z)= has a simple 


4. None of these 


109. The residue of f (z)=cotz at z=0 is 
1. 2. =i 
3. 4. None of these 


110. Let f(z)=u(x, »)+iv(x, y) be an entire 
function having Taylor’s series expansion 


as Yaya pif f (x)=u(x,0) and 
n=0 


f (iy) =iv(0,y), then 
1. 


> 
3: 
4. a,#0, but a, =0 


111. Let f(z) be an analytic function with a 


simple pole at z=1 and a double pole at 
z=2 with residues | and —2, respectively. 


Further if f (0)=0, f (3)=— and f is 


bounded as z->00, then f(z) must be 
1 1 2 1 
1. 3 
z(z-3) a oi Gy 
1 1 2 1 
+ + + 
Ae God ea 2 (ge =2) 
1 2 5 
=F 2 
z-1 z-1 (z-2) 


ae 


2 
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112. In the Laurent series expansion of 
eee valid in the region 
z-l1 z-2 
[z| > 2, the coefficient of ES is 
Zz 


1. -l 2. 0 3.. 1 4.2 


113. Let f:C—C be analytic except for a 
simple pole at z=0 and let g:C—+C be 
analytic. Then, the value of 


Resif(z)a(z)} 
Res f(z) 

ft; g(0) 

a lim z f(z) 


2. g'(0) 
4. limz f (z)g(z) 
(GATE 2011) 


114. For the function f (z)=sin} ———~ 


the point z=0 is 
1. a removable singularity 
2. a pole 
3. an essential singularity 
4. anon isolated singularity 
(GATE 2009) 


115. The coefficient of Ls in the expansion of 
Zz 


log (4), valid in)|z|>1, is 
z=1 


ae 
2 2 


(GATE 2005) 


116. If Ff (z)=2", then it 
1. has an essential singularity at z=00 
2. has a pole of order 3 at z=00 
3. has a pole of order 3 at z =0 
4. is analytic at z=00 
(GATE 2001) 


2 
117. Consider the function f (z)= : a 
(z+1) 
The residue of f(z) at its pole is equal to 


1. Then, the value of @ is 
1. -1 2. 1 3. 2 4. 3 
(GATE 2012) 


118. Let f( er mice 
Res f (z) is 

» a 

6 6 

(GATE 2011) 


119. Let Oe byz". be the Laurent series 


n=—o 


expansion of the function — : 
zsinh z 


0< Fa <a. Then, which one of the 


following is correct ? 


(GATE 2010) 


120. Let >) a,(z+1)" be the Laurent series 


n=—o 


expansion of f (z)=sin 4} Then, a_, 
zt+l 


is equal to 
1. 1 2. 0 


3. cos(1) 4, -5sin(1) 
(GATE 2009) 


121. Consider the function f ee 
The residue of fat the isolated singular 
point in the upper half plane 
{z=xtiyeC:y>0} is 

1 


1, == 
2e 


Boxe 
2 
(GATE 2009) 


122. Let f (z)=cosz _ 5 for non zero 
Z 


zeC and f(0)=0. Then, f(z) hasa 
zero at z=O of order 
1. O 2. 1 


S252 4. greater than 2 
(GATE 2008) 


123. Let f (z)=cos ---—* for non zero 
Z 


zeC and f(0)=0. Also, let g(z)=sinhz 


for ze C. Then, a(z) has a pole at z=0 
of (z) 


of order 

1. 1 ae 3 

3,3 4. greater than 3 
(GATE 2008) 


: , Then the 
2 


124. Let f (2)- 546 


coefficient of am in the Laurent series 
2 
expansion of f(z) for |z|> 2, is 
| a | mw 1 6 ae 4.5 
(GATE 2007) 
125, The sum of the residues at all the poles of 


cot 7 : 
f y= < where aisa constant, 


(c+ay" 


a#n and a#(Qnt)5, neZ is 


7m cosec’sa 


2 


= + mcosec* sa 


= +7 cosec*sa 
(n+a) 
(GATE 2006) 


126. In the Laurent series expansion of 


—- : 5 valid in the region 


eas 1. 
[z| > 2, the coefficient of f; 1s 
Ke 


1. -1 Ze) 3. 1 4.2 
(GATE 2004) 


127. Let f(z) be an analytie function with a 


simple pole at z=1 and a double pole at 
z=2 withresidues | and —2, respectively. 


Further, if f(0)=0, £(3)=-3 and f is 


bounded as z—>00, then f(z) must be 
1 1 2 1 
1. 3 + + 
NT ey ey 


(GATE 2003) 


128. An example of a function with a non 
isolated essential singularity at z=2 is 


1. ee 


z-2 
(<-2) 


Zz 
(GATE 2003) 


129. For the function f(z)=sin—,2=0 isa 
z 


. removable singularity 
. simple pole 
. branch point 
. essential singularity 
(GATE 2002) 
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130. For the function f ( _— , the point 


& 
z=0 is 
. an essential singularity 
. a pole of order zero 
. a pole of order one 
. aremovable singularity 
(GATE 2000) 


131.Let f, g be meromorphic functions on C. If 
f has a zero of orderk at z=a and ghasa 


pole of order mat z=0 , then s(f (z)) 
has 
1. a zero of order km at z=a 
2. a pole of order km at z=a 
3. a zero of order |x —m| at z=a 
4. a pole of order |x —m| at Z=a 
(CSIR NET June 2014) 


1 


132.Let p(z)=a,+a,z+...+4,2" and 
q(z)=bz +b,z°+..+b,z" be complex 


polynomials. If a,,b, are non zero complex 


numbers then the residue of P(3) at 0 is 


q(z) 


sal iat) 


equal to 


b, a, 
(CSIR NET Dec 2014) 
133.Let D be the open unit disc in C and 
H(D) be thescollection of all holomorphic 
functions on it./Let 


i(E)ebuns(2 


Then 
1. Both $,7 are singleton sets. 
2. Sis a singleton set but T=@. 
3. Tis a singleton set but S=¢. 
4. Both S, T are empty. 
(CSIR.NET June 2016) 


134. Number of zeros of the function 
1 
7 (z)=sin G iS 
Zz 


1. 3 2. 4 
3. infinite 4. None of these 


135.) The zero of first order is known as 
1. complex zero 2. simple zero 
3. singularity 4. None of these 


136. For second order zero 
l. f (2 )=Ff'(%)=Oand f"(z,) #0 
2. f (Z) =, f'(z) # Oand f"(z,) #0 
3. Ff (Z)=Ff' (Zo) =F" (2) =0 


4. None of the above 


137.(A) Every analytic function can be 
represented by power series. 
(B) Taylor series is a power series. 
1. A and B both false 
2. A and B both true 
3. A is true and B is false 
4. A is false and B is true 


138. If an analytic function f(z) has a zero of 


nth order at z=oo , then the function f (=| 
z 


has such a zero 
1. at z=o0 
3. at z=0 


2. at each point z 
4. None of these 


139. If f(a)=0, f'(a)=0, f"(a) #0, then at 
z=a the function f(z) is said to have a 


zero of 
1. first order 
3. third order 


2. second order 
4. None of these 


140. The function f (z)=e* —2i 


1. has no zeros 

2. has only one zero 

3. has a countable number of zeros 

4. has an uncountable number of zeros 


141. Let S be the disk Fa <3 in the complex 
plane and let f:S — C bean analytic 
function such that f [ + v2; }- & for 

n n 


each natural number n. Then, f (v2 is 


equal to 
1. 3-22 2. 3422 
3. 2-32 4. 2432 
(GATE 2008) 
142. For every path between the limits 


[22+ 2) de 


1 


z 
3 


143. If f(z) is entire function the Taylor 
series is 
. convergent for all.z 
. divergent for all z 
. constant 
. None ofthese 


144.Let C be the circle [z| => in the complex 


plane that is oriented in the counter 
clockwise direction. The value of a for 


Saicz i( ie ae Jae=0ii 
C 


2--3z+2 z-l 


1. 1 21 
on 2 4. -2 
(CSIR NET Dec 2016) 
145.Let f be a holomorphic function on 
O0< \z| <é,é>0 given by a convergent 


Laurent series)’ a,z”. 


n=—oO 


Given also that lim| f(z)|=~, 
z0 
We can conclude that 
1. a_; #0 and a_, =0 forall n=2 
2. a_y #0 for some N >1 and a_, =0 
for all n> N 
3. a_, =0 forall n=1 
4. a_, #0 forall n2=1 
(CSIR NET Dec 2016) 


n 


146. Let f be an entire function such that 
f(x) =—f(—x) for every reahx, then 
1. f is constant function 
2. f is even function 
3. f isodd function 
4. none of these 
147.Let f and g are two analytic functions in 


the domain D: [z| <2 such that neither f 


non g has zero in D. If 


L(t) = £(-) VY neéeN then 
1. f(z)=c g(Z) 

2. f and g are constant functions 
3. f=0=¢g 

4. None of these 


148.Let f be an analytic function on open unit 


disk D: \z| <1 such that 


= IM 26 V néN then 


See) 
1. f is constant 
2. f is linear polynomial 
3: f =0 
4. None of these 
149.The function f(z) =|z/ +iZ +1 is 


differentiable at 
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2. 1 
4. no point in C 
(Gate 2014) 


150. Suppose f is holomorphic in an open 
neighbourhood of z) ¢ C. Given that the 


series )) f fo (zo) converges absolutely, 
n=0 

we can conclude that 

1. f is constant 

2. f is a polynomial 

3. f can be extended to an entire function 

4. f(x)eR forall xeR 


(CSIR NET June 2017) 


151. Let D be the open unit disc in the 
1 1 


complex plane and U = D \{-5 sf . Also, 
let H, ={f :D—>C|f is holomorphic 
and bounded } and 

H,={f :U—>C|f is holomorphic and 
bounded }. 

Then the map r: H, > H, given by 
r(f)=f|y, the restriction of f to U, is 


. injective but not surjective 

. surjective but not injective 

. injective and surjective 

. neither injective nor surjective 


(CSIR NET Dec 2017) 
152. The function f :C—C defined by 
#2) =e*+e~ has 
. Ainitely many zeros 
. no Zeros 
. only real zeros 


‘ has infinitely many zeros 
(CSIR NET Dec 2017) 


[53 Let {2| |z|< 1} — C be a non-constant 


analytic function. Which of the following 


conditions can possibly be satisfied by f ? 


+ vneN 
n 


1 +4) 1 
. *(2)=2(=) ” ei 


3. r(t]<zwnen 
n 


4. A (2]<% VneN 


(CSIR NET June 2018) 


z 


154. Thewvalue of the integral S dz is 
2 


|I-z|=1 
1. O 2, (zi)e 
3. (zi)e-(xi)e' 4. (e+e) 


(CSIR NET June 2018) 


. At z=0 the function fj has 
ee 
. aremovable singularity. 
. apole. 


. an essential singularity. 
. the residue of f(z) is 2. 
(CSIR NET June 2011) 


. Letfbe an entire function such that 
Jim |f (z)|==. Then 


& 
2. f cannot be a polynomial 
3. fhas finitely many zeros 


Lf (=| has an essential singularity at 0. 


4. f (=| has a pole at 0 
z 


(CSIR NET Dec 2011) 


3. At z=0 , the function 


F(2)=exo{ =) has 


. aremovable singularity. 
. apole. 
. an essential singularity. 


. the Laurent expansion of f(z) around 


z=0 has infinitely many positive and 
negative powers of z. 
(CSIR NET June 2012) 


. Which of the following functions f are 
entire functions and have simple zeros at 
z=ik forall keZ. 


1. f(z)=a,z" +4, 4.2"! +...+a, for some 
n=1 and some q,d,,...,4, €C. 


2. f(z)=asin2ziz, for some ae C. 
1 
3. f(z)=bcos2x [<-4}, forsomeb € C. 


4. f(z)=e%, forsome ce C. 
(CSIR NET Dec 2012) 


. Let 7, ={ke"’:0< 0 < 2} fork =1,2,3. 


Which of the following are necessarily 
correct ? 


1. — A) 1 = 0 = 1,27 
Tl z 


(CSIR NET Dec 2012) 


6. Consider the function 


f (z)=z? (1-cosz), z¢C. Which of the 


following are correct ? 
1. The function f has zeros of order 2 at 0 


. Let f(z)= 


2. The function f has zeros of order | at 
2an,n=+1,+2.... 
3. The function f has zeros of order 4 at 0 
4. The function fhas zeros of order 2 at 
2an, n=+1,+2.... 
(CSIR NET June 2013) 


. f has an isolated singularity at.z =0. 
. f has a removable singularity at z=1. 
. f has infinitely many poles. 
. each pole of fis of order 1. 
(CSIR NET Dec 2013) 


e 


. For z@C, define f(z)= . Then 


Zz 


el 
1. f is entire. 
2. the only singularities of f are poles. 
3. f. has infinitely many poles on the 
imaginary axis. 
4. each pole of f is simple. 
(CSIR NET June 2014) 


for all zeC such that 


z 


“#1. Then 
. f is meromorphic. 
. the only singularities of f are poles. 
. f has infinitely many poles on the 
imaginary axis. 
4. Each pole of f is simple. 
(CSIR NET Dec 2015) 


. Let f be a holomorphic function on the unit 


disc {|z|<1} in the complex plane. Which 
of the following is/are necessarily true ? 
1. If for each positive integer n we have 


-. then f (z)=z* on the unit 


disc. 
2. If for each positive integer n we have 
2 
s(t-2}-(1-+) then f (z)=z’ on 
n n 
the unit disc. 


=|)" 
3. fcannot satisfy f (+)! ) for each 
n n 


positive integer n. 
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14. Let f:C — C be a meromorphic function 


4. fcannot satisfy f (f)- for each 
n) n+l 


positive integer n. 
(CSIR NET Dec 2013) 


11. Let f be an analytic function defined on the 


open unit disc in C. Then is constant if 


1, s(+)-0 for all n>1. 


n 


f(z)=0 for all k=>. 


( 
[ )-0 for all n>1. 


f 
f(z)=0 forall ze(-11). 
(CSIR NET June 2015) 


12. Let f be an analytic function in C. Then f 


is constant if the zero set of f contains the 
sequence 


= 1 
. a, =n if 4 does not divide n and.a, = — 
n 


if 4 divides n. 
(CSIR NET Dec 2015) 


2 
. Consider the function F(z) = — 
1 (x—z) 


Im(z)> 0. Then there is a meromorphic 


dx, 


function G(z) on C that agrees with 
F(z) when Im(z)>0, such that 
1/1, are poles of G(z). 
2. 0,1,00 are poles of G( ). 
3. 1,2 are poles of G(z). 
4. 1,2 are simple poles of G(z). 
(CSIR NET June 2016) 


analytic at O satisfying f (== 
n 
n=1. Then 


2. f has a simple pole at z=—2 


3. £(2)=7 


4. no such meromorphic function exists 
(CSIR NET June 2012) 


. Let D= {z E Cz, < 1} be the unit disc. Let 


f:D—-C be an analytic function 


satisfying, f (=|- 
n 


a for n>1. Then 
3n+1 


z 

2. f has asimple pole at z =-3 
i 
3 3)=-— 
#(3)=4 


4. no such/ exists 
(CSIR NET June 2011) 


. Let f:C >C be an entire function and let 


g:C—-C be defined by 
g(z)=f (z)-f(z+1) for zeC. Which of 
the following statements are true ? 
1. if f [+}=0 for all positive integers n, 
n 
then f is a constant function 
2. if f(n)=0 for all positive integers n, 
then fis a constant function 
ae ae a ({\-r [=4 7 for all positive 
n n 
integers n, then g is a constant function 
4. if f(n)=f(n+1) for all positive 


integers n, then g is a constant function 
(CSIR NET Dec 2011) 


. Let f(z) be the meromorphic function 


z 


(i-e')sing = sin ; . Then 


given by 


. z=0 isa pole of order 2. 
2. forevery keZ, z=2zik is a simple 


pole. 
. for every k €Z\{0},z=kz is a simple 


pole. 
4. z=2+2z7i isapole. 
(CSIR NET Dec 2016) 
. Let f be analytic on the open unit disk 


D: \z| <1 such that 


aT 5-H V neéN then 
(n+1)z-1 


[= 
1. f is constant 

2. f =0 

3. f is polynomial of degree atmost two 
4. None of these 


. Let f =u+iv be an entire function where 


u,v are the real and imaginary parts of f 
respectively. If the Jacobian matrix 


nae _ 


vx(a) vy (4) 
is symmetric for all ae C, then 
1. f is a polynomial. 
2. f is a polynomial of degree <1. 
3. f is necessarily a constant function. 
4. f isa polynomial of degree strictly 
greater than 1. 
(CSIR NET June 2017) 
. Consider the function f (z) = suulaan2)) 
sin (7z) 
Then f has poles at 
1. all integers 
2. all even integers 
3. all odd integers 
4. all integers of the form 4k +1, keZ 


(CSIR NET June 2017) 
Let p(z)=z" +4, 42" | +...+d), where 
p,+.+,4,_, are complex numbers and let 
q(z)=1+4, Z+....+a92". If |p(z)| <1 for 
all z with |z|<1 then 
1. |g(z)| <1 for all z with |z| <1 


2. q(z) is a constant polynomial 


3: p(z) =z" for all complex numbers z 


4. p (z) is a constant polynomial 
(CSIR NET Dec 2017) 


22. Let f be an entire function. Consider 


A= {z ec] f” (z)=0 for some positive 


integer n} . Then 

1. if A=C, then/ is a polynomial 

2. if A=C, thenf is a constant function 

3. if A is uncountable, thenf is a 
polynomial 

4. if A is uncountable, then fis a constant 


function 
(CSIR NET Dec 2017) 


. Suppose that f :C > C’is an analytic 


function. Then f is a polynomial if 
1. for any point aeéC, if 


ioe) 


K(z) > (z-4)" 1S a power Series 


0 


expansion at a, then a, =0 for at least 
one n 


lim | f (z)| =00 


[z;-> 


lim If (z) =M for some M 


eee 
4. |f(<)|<M|z|" for |c| sufficiently large 


and for some n 


(CSIR NET June 2018) 


. Let O be an open connected subset of C. 


Let E = {2,,2Z55...2,} CQ. Suppose that 
f :Q—> C is a function such that Ji(are) 1S 
analytic. Then f is analytic on Q if 


1. f is continuous on QO 


2. f is bounded on OQ 


3. for every j, if > 9m (z-2;)" is 


meZ 


Laurent series expansion of f at z;, 


J.R. INSTITUTE OF MATHEMATICS 


189/35 BEHIND RAILWAY STATION, VAISH COLLEGE ROAD, ROHTAK PIN-124001 (HARYANA) 
E-mail us on - jrinstituterohtak@ gmail.com, balwanmudgil54@ gmail.com Mob. 8607383607, 9802177766 


Page 21 


then a,,=0 for m=—1,—2,—3..... 


4. for every j, if yon (z ee y" is 


meZ 


Laurent series expansion of f at z;, 


then a_,=0 


(CSIR NET June 2018) 


Se i 


a 2, 
oe 
.4 
get 
ee 
2 
es 
2 
oo 
3 
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zZ 
Zz 
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go 
ae 
oe 
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Chapter - 5 


Some transformations 


5.1 Linear Transformations 


Def. Linear Transformation : A function w= f (z) =az+b , where ‘a’ and ’b’ are both complex 


constants, defined on z-plane is called complex linear transformation. 


There are three basic linear transformation : 


(i) Linear Translation (ii) Rotation (iii) Magnification 


Def. Linear Translation: In a Linear Translation w=az+bya@=1 and ‘b’ is arbitrary complex 


number i.e., itis of the form w=z+b. 


eg. Consider the case of given rectangle and linear translation w= z+2+i 


y ¥ 


[ 2+i 
my, 


Put z=0 in (1) >w=0424+i=2+i 


g=2 Pm w=24+2+i=44i 
=] => w=it+24+i=2+2i 
Cam i > w=24i4+24+i1=442i 
Remark : Translation mapping does not change the shape and size of the figure. 


Def. Rotation : The linear transformation of the type w = az; where |a| =1 is called a rotation. 


OR 


0 


w=e’”.z ; where @ is areal number is called rotation. 


eg. Again consider the case of above rectangle and rotation w=iz we have 
. 
142i 
2i 
j 2+i 
= 
—| 0 u 


py) 


Put z=0 =>w=i0=0 
z=2 >w=2i 
zZ=2+i =>w=-14+2i 
Z=1 >w=-l 
Remark : A rotation does not change the size and shape of a figure. 
Def. Magnification : A linear transformation of the form w=az, where a> 0_ée ‘a’ is real number 
greater than zero, then it is called magnification. 


e.g. Consider the case of above rectangle and the magnification.w=2z we have 


4427 


= 


Remark : Magnification mapping doesnot change the shape of the figure but it changes the size of 


the figure provided a #1. 


Exercise 5.1 


1. Find the image of the closed disc [2| <1 under the given linear mapping w= f (z) 
@) f(z) =e 441 (ii) f(z)=¢+2-i (iii) f(z) =3i 
Pape lz) t+ i) (v) f(z)=22-i (vi) f(z) =(6—Si)¢+1-3i 


2. Find the image of the triangle with vertices 0,1 and 7 under the given linear mapping w= f (z) 
in 
() f(z)=z+2i Gi) f(z)=3z Gil) f(z)=e*z 


(iv) f(2)=5i (v) f(z)=-3z4i (vi) f(z)=(-i)z-2 


3. Express the given linear mapping w= f (z) as a composition of a rotation, magnification and 


translation 
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in 


@) f(z)=3iz+4 Gi) f(z)=5e5z+7i (iii) f(2)=-pe41-NBi 


4. Which one of the following is true? 


(a) ToR=RoT (b) TOM =M oT (c) RoM =MoR (d) None of these. 


Answers 
1. @) |w-3i/s1 (ii) |w-2+i]<1 (iii) |w| <3 
(iv) fw] < V2 (vy) |w+i<2 (vi) Jw-1+3i|< J6L 
2. (i) Triangle with vertices 2i,1+2i and 3i 


(ii) Triangle with vertices 0,3 and 37 


(iii) Triangle with vertices 0,52 rv i and -3V2 + 52 i 


(iv) Triangle with vertices 0.5 and 5 


(v) Triangle with vertices i,-3+i and —2i 
(vi) Triangle with vertices —2,-1—i andi—1 


- @) f (z)=T°M oR(z) where R(z\=e™, M (z)=32 and T(z)=z+4 


(ii) f(z)=T°M oR(z) where R(z)=e5 2, M(2)=52 and T(z)=z+7i 


(iii) f (z)=T °M © R(z) where R(z)=e%2,M(2)=22 and T(z) =z+1-v3i 


5.2 Bilinear Transformation 


Def. Bilinear Transformation (Mobius transformation) (Linear fractional transformation) : A 


az+b : ce ets 
, where a,b,c,d are complex constants is called bilinear transformation if 


mapping T(z) = ee 


ad —bc #0. 


Note : If ad —bc =0 then it becomes a constant mapping. 


Results : 

1. A bilinear transformation maps circles or straight lines onto circles or straight lines. 

2. If pole of the bilinear transformation lies on the boundary then the image is straight line and if it is 
not on the boundary then image is circle. 

3. The set of all bilinear transformation forms a non-abelian group under composition of mappings. 

Exercise 5.2 
In problem 1-4 find the images of the points 0, 1, i and o under the given linear fractional 
transformation. 


at se! 


1. f(z) 35 of (z) 


z ; Gut 
In the problems 5-8, find the image of the disks [z| <1 and |z —1 | <1 under the given linear fractional 


transformation f/f. 


ZI 
re zZ)=— 
f( ) Zod; 
In problems 9-12, find the images of half-planes x=>0 and, y <1 under the given linear fractional 


transformation :- 


0. F(2)=— Ww r(z)=t 2. ¢(2)=22 


ae at i 
In problems 13-16, find the image of the shaded region under the given bilinear transformation. 
20 


14. f(z)==— y 


zt+l 


13. AC ee 


J.R. INSTITUTE OF MATHEMATICS 


189/35 BEHIND RAILWAY STATION, VAISH COLLEGE ROAD, ROHTAK PIN-124001 (HARYANA) 
E-mail us on - jrinstituterohtak@ gmail.com, balwanmudgil54@ gmail.com Mob. 8607383607, 9802177766 


Page 5 


17. Inthe transformation z= amid , show that positive half of w-plane given by v >0 correspond to 


i+w 


the circle [2| <1 in the z-plane. 


; 5-4 . ; é : ee 
18. Show that the transformation w= ; transforms the circle [z| =1 into a circle of radius unity in 


LZ — 
the w plane. Also find the centre of the circle. 
iZ+2Z 


19. Show that the relation w= : 
Zt+l 


transforms the real axis in z-plane to a circlein the w-plane. Find 


the centre and radius of the circle and the point in the z-plane which is mapped_on the centre of the 
circle. 


20. Find the radius and the centre of the circle in the w-plane, which corresponds to real axis in z-plane 
ze" -i 
where w= 73a being a real constant. 
z—le 
21. Show that the transformation awz —~bw—bz +a=0O maps the-circle [z| =1 on the circle || =l,if 


|a| # [2 . Find the condition that the interior of first cirele may be mapped on the interior of the 


second circle. 


Answers 


1. f (0)=0, f (1)=i, f (i) 2. f (0)=2i, f (1)=1+i, f (i)=~, f (©)=0 
3. f (O)=-L f (L)=i, F@)=—, Ff (* 4. f (0)=0, f (1)=0, f ()=1+i, f (@)=1 


5 jw|21 and u>— 6. v>1 and |w|>2 
7. u<Oand |w—1]>2 8. jw—1]2 1 and v2 — 


9. v =O and wos} 10. u>Oandv>0 


eZ 
2 


ll. v>Oandu<1 12. u<land by--4e 


1}_ 2 
13. The image consists of a set of all points w=u-+iv such that |w ar 2 qe <0. 


14. The image consists of a set of all points w=u+iv such that u+v <0 andu+v+120. 


15. The image consists of a set of all points w=u+iv such that wie 2 Sandu 2 > 


16. The image consists of a set of all points w=u-+iv such that [| 2land v20. 


18. [-3.0] 19. Centre (7) and radius f 
2 8°8 2/2 
2a 2a 


20. Centre [ 


o| and radius 


5.3 Some properties of bilinear transformations 


Def. Invariant or fixed points : The points which coincide with their transformations are called 


invariant or fixed points of the transformation i.e. fixed points of a transformation w= f (z) are 


azab 


obtained by the equation z= f (a) For the transformation w= , the fixed points are given by 


CZ + 


azt+b 


W=Z Le. Z= ; 
cz+d 


Result : In general, there are two fixed points but there is only one fixed point if (a —d i‘ + 4bc =0. If 


— : : , é w- = 
there are two distinct fixed point p and q,.then transformation may be put in the form wer apt 


; : : : : : 1 
and if there is only one fixed point p, then transformation may be put in the form ——— 


Def. Critical points : Consider the bilinear transformation 
az+b 
w= f= 
cz+d 
Solving this for z,we get the inverse map 
b-—wd 


wce—-a 


-1 
LF Os 
The transformation f associates a unique point of the w-plane to any point of z-plane except the point 


d : 7 : : : : 
z= —— (c #0). The transformation f ' associates a unique point of the z-plane to any point of 
c 


: a : : : : 
w-plane except the point w = — (c#0). These exceptional points are mapped into the points w = 0 
c 


and z= 00 respectively which is clear from (1) and (2). 


From (1), we have 
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dw _(cz+d).a—(az+b).c — ad—be 
dz (cz+d)° (cz+d)* 


dw | eee 
aw ‘ 
cz | if z= 


The points z = ae and z = 00, where the conformal property does not hold are called critical points. 
c 


Def. Cross Ratio of the complex numbers z, ,Z,2Z3,Z4 is the complex number 
5a = 29 )(23 — 24) 
Result : If w= f (z) is a bilinear transformation that maps the distinct points z,,zy,z3 and z4 onto 


the distinct points w,,w.,w3 and wy respectively, then 


(z4=4) (22-28) = eis) i.e a bilinear transformation preserves the cross ratio. 


(z, — 2p )(23 —z4) (, — Wy )(W3 — wg) 


Exercise 5.3 


In problems 1-6, construct a linear fractional transformation that takes the given points z,,z, and z3 
onto the given points w,,w and w;3 respectively : 


7 y=—-1l, my =0,%3=2; w, =Omw, =1, w3 =00 


. Z=l,%=0,%=-1; w,=0, Ww, =1, w3=0 


5 7 =0, 2% =1, 273 = OR Ww =04 w, =1, w3 =2 


‘ yZ=—-1l,y%=0,%3=1; W, =1, Ww, =0, w3=0 


. Z=l,%=1,4%=F1; w =—l1, w, =0, w3 =3 


5 2, ae Zo =1, 23 =-1; W,=—1, W, =1, W3=0 
In problems 7 to 9, find the invariant (fixed) points of the given transformation : 


(5z+4 
zt+5 


8. f(z)=2— 9. f(z) 


zt+l 


_ 2iz+5 
z-2i 


7. PO 
10. Let a,b,c and d be complex numbers such that ad —bc #0. 


(a) Solve the equation w= saa 
cz+d 


(az +b) ; 


(b) Explain why (a) implies that the linear fractional transformation f ( )= d) isa 
CZ + 


one-to-one function. 
. Consider the equation |z —al=A Iz —b| where / is a positive real constant. 
(a) Show that the set of points satisfying the equation is a line ifA=1. 
(b) Show that the set of points satisfying the equation is a circle if 241 


azt+b . ' ; 
. Let T ( ee be a linear fractional transformation. 


CZ + 


(a) If T (0)=0 , then what, if anything, can be said about the coefficients a,b,c,andd? 
(b) If T (1)=1, then what, if anything, can be said about the coefficients a,bycandd ? 
(c) T (20)=00, then what, if anything, can be said about the coefficients aybycandd ? 


. Use problem 12 to show that if 7 is a linear fractional transformation and T (0)=0,7 (1)=1, 


and T(co)=0o, then T must be the identity function. That is, T(z) =z. 


. If 00 is a fixed point of a bilinear transformation then it must be of the form f (z) =az+ PB where 


az. 
. If oo is the only fixed point of a bilinear transformation then it must be of the form f (z) =z+f 
where B #0. 


. If 0 and oo are the fixed points of,a bilinear transformation then it must be of the form f ( ) = AZ 


where a #0. 


. If 0 and co are theonly fixed points of a bilinear transformation then it must be of the form 
f (z)=az where a #0,1. 


Answers 


yes 32-31 (jee) 
(1+4i)z-(4+i) (z+1)+i(1-z) 


O° ga Drei 
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5.4 Evaluation of Bilinear Transformations 


Def. Inverse points of a circle : Two points A and B are said to be inverse points of a circle with 


centre at ‘O’ and radius ‘7’ , if A and B are on the same side of centre i.e ‘O’ and (OA).(OB) =r’, 


Results : 

1. If a point is outside the circle then its inverse point will be inside the circle and’vice-versa. 
2. The inverse point of centre of circle is the point at infinity. 

3. The inverse point of a point on the boundary is the point itself. 


2 
r 


4. Inverse point of ‘a’ w.r.t circle |z = Z| =r is given by Inv (a) =Z,+=——= 
a- Xo 


Def. Symmetric points of a line : Two points A and B’ are said to be symmetric points of a line L if L 
is perpendicular bisector of the segment AB. 
Three famous equations of a circle in complex plane : 
(i) zz+bz+bz+c=0, where cis real constant and b may be complex. 
(ii) \z - cA =r ; here z, is the centre of the circle and the r is the radius. 
(111) cee A ; k #1 where p.and g are inverse points of circle. 
<—4q 
Two equations,of line in complex plane : 


(i) bz+bz+c+0% where c is real constant and b may be complex. 


(il) m 4 | =1 ,where p and qg are symmetric points of the line. 
“rq 


Theorem : Four important theorems on Bilinear Transformation:- 
1. Ifunder a bilinear transformation line /; goes to line /, then symmetric points of J, goes to 
symmetric points of /,. 


If under a bilinear transformation line / goes to circle C then symmetric points of / goes to inverse 


points of C. 


If under a bilinear transformation circle C,; goes to circle C, then inverse points of C, goes to 
inverse points of C). 


If under a bilinear transformation circle C goes to line / then inverse points of C goes to 
symmetric points of I. 


Results : 


1. Symmetric point of ‘z’ w.r.t. x-axis is ‘z’. 


2. Symmetric point of ‘z’ w.r.t. y-axis is ‘ aes 


Exercise 5.4 

. Find all bilinear transformations which maps Im(z) 20 to |v <1 i.e whichmaps upper half plane 
to unit circle with centre at origin. 

. Find all bilinear transformations which maps Im(z) <0 to |» <Iwe which maps lower half plane 
to unit circle with centre at origin. 

. Find all bilinear transformations which transforms Re(z) 2 0,to |» <1 ie right half plane to unit 
circle. 

. Find all bilinear transformations which transforms Re(z) <0 to |» <1 ie left half plane to unit 
circle. 


. Find all bilinear transformations which maps [2| <1 to |v <1ie unit circle to unit circle. 


. Find all bilinear transformations which maps [z| <7, to |v <n. 


Answers 


w=el? [SS ma) >0 


Z-a 


. Wa exif JZ0 and wae 2) <1 if c#0 
az—l 


Kio... i9| Za 

_ we el: if c=0 and enna 2 \lelsn if c#0 
V 
i 


az-K 
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5.5 Conformal Mappings 


Def. Conformal Mapping : Let w= f (z) be a complex mapping defined in a domain D and let zp) be 
a point in D. Then we say that w= f (z) is conformal at zg if for every pair of smooth curves 

C, and C, in D intersecting at zo the angle between C, and C; at Zp is equal to the angle between=the 
image curves C; and C} at f (Z) in both magnitude and sense. 


Def. Isogonal mapping : A mapping which preserves the magnitudes of angles but not necessarily the 
sense is called isogonal mapping. 
Example : The mapping w =z is isogonal but not conformal. 


Theorem 1 : Conformal mapping : If fis an analytic function in adomain D containing Zg, and if 
f'(%)#0, then w=f (z) is a conformal mapping at Z,. 
Def. Critical point : If a complex function fis analytic at a pomt_z) and if f '(Zq)=0, then Zp is 


called a critical point of f- 

Although it does not follow from Theorem 1,/it is true that analytic functions are not conformal 
at critical points. More specifically, we can show that the following magnification of angles occurs at 
a critical point. 


Theorem 2 : Angle Magnificatiomat.a Critical Point : Let fbe analytic at the critical point zp. If 


n> 1 is an integer such that f(z) =F" (zg) == fo (z )=0 and f(”) (zo) #0, then the angle 


between any two smooth curvesintersecting at zg is increased by a factor of n by the complex 


mapping w= f(z). In particular, w= f (z) is not a conformal mapping at zy. 


Exercise 5.5 


In problems 1—14, determine where the complex mapping w= f (z) is conformal. 
1. f¥)=z° -3241 2. f(z)=z7 + 2iz-3 3. f(z)=z-e* +1-i 
5. f (z)=tan z 6. f (z)=z-Ln(z+i) 


8. f (z)=sinz 9. f (z) =cosz 


10. f(z)=24+ ll. f(z)=zt+e*—-5 
z 


13. f(z)=z+az" 14. f(z)=z+az° 


In problems 15-22 determine points where the complex mapping w= f (z) fails to be conformal. 
2 
16. f(z)=z7-e” 17. f(zj=2t1 18. f(z)=coshz 


20. f (z)=(z-i) 21. f(z)=(ic-3)° 22. f(z)de* 
Answers 
1. C-{1,-1} 2. C-{-it 3. C-{(2n+1)xi} 
5: c-{(2n+1)5| 6. C-{{z:x<0, y+1=0}U{I-i}} 


10. C-{0,1,-1} 


if a#0 


14. C if a=0 and c-{ 


a 


5.6 Some more mappings 


Results : The mappings w=sinz and w=cosz 
(i) maps the horizontal lines to ellipses. 


(11) maps the vertical lines to the hyperbolas. 


Exercise 5.6 


1. Find the image of |z|=1 and x=0 under the mapping f (z) = on 
ie 


2. Find the image of unit circle |z|=1 under the mapping f(z)=z+ a 
4 
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3. Find the image of x=1 and y=1 under the mapping f (z) =z, 
. Find the image of first quadrant i.e., S = {z :Re(z)>0, Im(z)> 0} under the mapping w =z’. 
. Find the image of x=1, and y=1 under the mapping f (z)=sinz. 


. Find the image of x=1 and y=1 under the mapping f (z)=cosz. 


Answers 


2 2 
. [w[=1 and w=0 2. w=2cos0,0< 6 < 2a 3. u=f and u=——1 


2 2 
+ : =] 
coshl sinh | 
2 2 
ee Sd. 
coshl sinh | 
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True-false exercise 


If f(z) is analytic at a point z,, then the 


mapping w= f(z) is conformal at z,. 


The mapping w= z*+iz+1 is not 


i 
conformal at z = =a 


The mapping w= z~ +1 is not conformal at 
z=. 


The mapping w=z fails to be conformal 
at every point in the complex plane. 


A linear fractional transformation is 
conformal at every point in its domain. 


The entire complex plane is mapped onto 
the real axis v=0 by w=z+z. 


The entire complex plane is mapped onto 
the unit circle || =1 by w= ca 


lz] 


A Mobius transformation which.carries the 

upper half-plane onto the unit disk D such 

that z= 2i is mapped onto w=0 while 
2i-Z 


z= is mapped onto, w = —Lyis ~ 
zZ+2i 


The lines #=3,and x =-—3 are mapped 
onto to the same parabola by w= z’. 


. The image ofa circle under a linear 
fractional transformation is a circle. 


. The linear fractional transformation 
—1 : : 
(z= — maps the points 0,—1 and i 
Zt+l 


onto the points —i, 0 and 0 respectively. 


12. Given any three distinct points z,, z, and 


z, there is a linear fractional transformation 


that maps z,, z, and z, onto 0,1 and . 


. The inverse of the linear fractional 


transformation T(z) =(az+b)/(cz#d) is 
T(z) =(cz+d)/(az+b). 


. There exist transcendental entire functions 


having no fixed points. 


. The composition of two Mobius 


transformations 1s again a Mobius 
transformation. 


. The set M of all Mobius transformations 
az+b 
Zz 


Red) = with ad—bc #0, forms a 
czt 


group»with respect to the composition as a 
binary operation. 


. A Mobius transformation f :C,, >C,, 


taking 0, 1, 6 into 2, 3, 4 respectively, is 
z+(2/3 

f(z) = £4213) . 

z+(3/2) 


. A Mobius transformation, which maps the 


upper half-plane { z:Imz> o} onto itself 


and fixing 0, 00 and no other points, must 
be of the form T(z) = az for some a >0 


and a #1. 


. A Mobius transformation, which maps the 


upper half-plane { z:Imz> o} onto itself 


which fixes oo and no other points must be 
of the form 7(z)=z+f for some £ #0 
with BeR. 


. Let T be a Mobius transformation such that 


T fixes oo. Then J carries R onto itself iff 
T(z)=az+f for some aeR\{0},heER. 


: 1 : 
8. Under the transformation w=—, the image 
Zz 


: ilar ; 
of the line iar in z —plane is 
: 2 2 _ 

. The inverse point of 1+i7 with respect to the 1. circle wu +v" +4v=0 
circle |z—1|=2 is 2. circle u>+v’=4 
lL. 1-i 2. 14+4i 3. circle u*> +v?=2 
3. 142i 4: =1-1 4. None of the above 


. The inverse point of the point z with respect 9. The mapping w=z? —2z-—3 is 


ae leila 1. conformal within |z|=1 
2 
i 2 a not conformal at »z=1 


2: 
z 3. not conformal at z=-1 and z=3 
4. 


4. None of these conformal everywhere 


10. The fixed points of the mapping 


. By the transformation w=ze‘, the line w= (52 a) are 


x=0 is transformed into the line (z +5 ) 
1. v=-u 2. v=u 1, 2 
3. u+ve=l 4. v=0 £5) 


. Under the transformation w=z+1-—i, the 


image of the line y=0 in the z—plane 1s 11. If T, ( )= z+2 


1, v=l 2. v=-] ane 
3. u=1 4. u=0 Ee) is 


1. z+2 


. Critical points of pee Us By 0 oe 
yZ+0 z+2 


2z+5 


4. None of these 
Z. au and oo 
Y 


3. pe and 0 4. None of these 
Y 


12. The invariant point of the transformation 


. The bilinear transformation which maps the 
points z=1,z=0,z=—1 of z-plane into 
w=i,w=0,w=—i of w-plane respectively is 
: z+2 - . 
1. w=iz 2. W=Z 13. If F(z)=—— then T~'(z) is 
Z+ 
3. w=i(z+1) 4. None of these 2 7 
L 2-32 7. 2—3z 
z+1 z—l 
. Under the transformation w=(1+i)z+2-i, I 


the line x=O0 is mapped into the line "743 4: Noneior these 


1. ut+v=l 2. v-u=l 
3. ut+2v=l 4. None of these 
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14. The Mobius transformation maps the 3. acircle 4. ahyperbola 
points 1-27, 2+i, 2+3i, respectively into 19. The mapping f (z) =Z is 
2+2i, 1+3i, 4 is 1. conformal 
i(1-z) 2. isogonal 
~ daz 3. neither conformal nor isogonal 
4. analytic 


1. @ 


2. O= 
1+2z 


F azt+b : 
20. The transformation w= : 1s»said to be 


20 +18i)—(32412i at 
3: pro cha) alae Ls normalized, if ad —bc is equal to 


(29 +17i)—(11-3i)z 1. 0 2.1 3a 4.3 


_(20 +181) + (32-121) z . Under the mapping w=z-+ 2—i, the image 


(29 +17i)—(11+3i)z of line y=0 is 

lis Im(w)=1 2, Im(w)=- 

. For which of the following mappings the 3 Re(w)=1 4 Re(w 
point oo is the only fixed point. 


. By the‘transformation w=ze 3, the line 


y=0 in the z-plane is transformed into the 
line 

1. v= V3u 2. u=V3v 

3. ut V3v=0 4. v+v3u=0 


. The function f(z)=z* maps the first 
quadrant onto 
1. itself 
2. upper half plane 
3. third quadrant 
4. right half plane 


. An example of a map which is conformal 
T,T,(z) is equal to in the whole of its domain of definition is 


Bp? ; L Pia \=2- 2. f(z)=e"” 
Az +2 "2241 3. f (z)=cosz 4. f (z)=e* 


: 3Z 4. None of these 
47-2 


1. 


a : 2 
. The bilinear transformation eer 
= . Zz — 
. If z, 42,42, %4z, in C,. Then, cross ratio 
maps {z:|z —]| < 1} onto 


ie {w:Re(w) <0} 
2: {w:Im(w) > 0} 


(Z,, Zs Z3, Z,)is a real number if 


Zig Raw Sas Z, HS On 
1. triangle 2. a parabola 


3. {w:Re(w)>0} 
4. {w:|w+2)/<1} 


26. If f(z)=(z-2)' g(z), where g(z)is 


analytic in |z—2|<r and g(2)+0, if 
angle at the vertex z=2 is = then the 


angle at f (2) is 


cee oy 5 4.2 


sia 
) 2 


. The cross ratio of the four points 
Cease) is real if and only if the four 


points, lie ona 
. circle 
. straight line 
. circle and on a straight line 
. circle or on a straight line 


. The fixed points of f (z)= lt ~ are 
z-2i 

Ze bey 

ae aw | 


. A Mobius transformation which 
transforms the upper half plane onto the 
lower half plane is 
1. w=Z 2 ya 
Z+1 
4. pe 
a 


. Bilinear transformation, which maps the 
half plane Im(z)=Ovonto the circular 


disc|w| <1, is 


1 ie 2 wae" 2 
Z-a z+a 
3. Ae 8) 
az—l 


. The image of x= constant under the 
transformation w=sin z is 
1. a parabola 2. a hyperbola 
3. acircle 4. an ellipse 


4. None of these 


32. The mapping f(z)=sinz maps 


1. The horizontal lines to circles. 

2. The horizontal lines to ellipses. 

3. The horizontal lines to hyperbolas. 
4. The horizontal lines to vertical lines. 


az+b 
czt+d 
maps the unit circles in the w-plane into 
straight line in the z-plane, if 
1. |a|=|d| 2. |bl=|c| 


3. |el=la| 4. |al=lal 


. The Mobius transformation w= 


. The magnification factor of the conformal 


mapping w=V2e*z +122: ) iS 
LA a) x3 4. V2 


az+b 

czt+d 
which has one fixed point at @ and the 
other fixed point 00, has the form 


. If a bilinear.transformation w= 


w-a@=A(z-a), then A equal to 


pel (z)=(z = Aas e*, then the mapping 


w=f (z) magnifies the angle at the vertex 


Z, by the factor k, where k is 
1. 1 2. 100 3. 101 4.0 


. A linear transformation which takes the 


triangle A(z)=(0,1,i) in the z-plane into 
the triangle A(w)=(—1,—i,i) in the w- 
plane is 

1. W=(1-i)z-1 

3. W=(1-i)z+1 


. Which of the following transformation is 


not conformal in a unit disc centered at 
origin 
1 ene 


3 eo 2 


39. The non constant transformation w=Z is 


1. both isogonal and conformal 
2. isogonal but not conformal 
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3. conformal but not isogonal 
4. neither isogonal nor conformal 


F 5-4 
40. A transformation w= e transforms 


z— 
the circle |z|=1 into a circle (in w-plane) 


whose centre is 


1 
=—.0 
2 


. The bilinear transformation that maps the 
points z,=2, z,=i, z,=—2 into the points 
w, =1, w, =i, w;=—1 is 

3z-2i aa 2h 
=—_—_ 2. w=——_ 
iz—6 iz+6 
3z4+2i 3Z4+2t 
=— 4. w=— 
iz—6 iz+6 


. Critical points of transformation 


{=+2) 
=—| z+—| are 
2 Zz 

1. —0,0 

3. +1 


. The bilinear transformation w which maps 


the points 0,1,00 in the z-plane, onto the 
points —i,oo,1 in the w-plane is 
—_— E22 
zti z+l1 
2 +i 42 +1 
el zi 
(GATE 2003) 


»The function f (z)=z* maps the first 


quadrant onto 

1, itself 2. upper half plane 

3. third quadrant 4. right half plane 
(GATE 2002) 


45. Let f be a bilinear transformation that maps 
~1 to 1, i to 0 and -i to 0. Then, f (I) is 


equal to 
1. -2 a 4. -i 
(GATE 2008) 
. Let G, and G, be the images of the.disc 


{ze C:|z+]|<1} under the 
(l-i+2 


transformations @=~—~—— an 
(1479 2 


, Fespectively. Then, 


. G.=\weC:Im(w )<o} and 
Gy={we C:Im(w)>0} 
. G.={weC:Im(w)>0} and 
4 ={weC: Im(w )<o} 
. GCF {weC: nes and 
G,= {w eC:|w|<2} 
. GH {weC: [|< 2} and 
G,={weC:|w|>2} 
(GATE 2007) 


. Define f:C—-C by 
r(e)=|0 if Re(z)=Oorlm(z)=0. 
Zs otherwise 
Then, the set of points, where f is analytic 
is 
1. ee e(z) #0 and Im(z )#o} 
2. {z:Re(z) #0} 
3. {c:Re(z) #0 or Im(z)#0} 
{z:Im(z) # 
( 


zg: z 


4. {z:Im(z) #0} (GATE 2007) 

. Let w=f z) be the bilinear transformation 
that maps —1, 0 and 1 to —i,1 and i, 
respectively. Then, f (1 -i) equals 
1. -14+2i Zi. al 
3. —2+i 4. -l+i 

(GATE 2004) 


51. The fixed points of f (z ) 


49. Let f=u+iv and g=v+iu be non zero 


analytic functions on [2| <1. Then, it 
follows that 

1. f'=0 

2. f is conformal on [z| <1 

3. f =kg for some real k 


4. f is one to one 
(GATE 2004) 


50. Let w( <= and f(t be 


bilinear (Mobius) transformations. Then, 
the following is also a bilinear 
transformation 

2. f(w(s)) 


1. F(2)w(z) 
3. f(z)+w(z) 4. f(z)+ A 
(GATE 2002) 


2iz+5 
=———_ are 
z-2i 
1. 1+i 2. 142i 
3. 2i+1 4. itl 
(GATE 2001) 


52. The transformation w=e” see , where 
pz-1 
p is aconstant, maps [2| <1 onto 


1. [wi <1, if |p]<1¢ 2. |w|31, if [p|>1 
3. |w|=1, if |pj=1 4. |w/=3, if [p|=0 
(GATE 2000) 


53.Let a,b,c,d € R be/such that ad —bc>0. 


Consider the Mobius transformation 


Then, T,,.., maps 

l. H, toH, 2. H,toH_ 

3. R, toR, 4. R,toR_ 
(CSIR NET Dec 2015) 


54. The set of all bilinear transformations 


under the product of transformations forms 
1. a semi group 

2. an abelian group 

3. anon abelian group 

4. None of these 


. Consider the map gy: C\{1} >C given by 


1+2z 
LO ae 


Which of the following is true ? 
1. e({zeC||zk Ih) {zeC]| zk 1} 
2. o({zeC| Re(z) < O})ey{z eC] Re(z) <0} 
3. @ is onto 
4. o(CW{l})=C\{-1} 

(CSIR NET June 2018) 


The function f ( er ra 
z 


. maps H* onto H* and H™ onto H™ 
. maps H* onto H” and H onto H* 
. maps H* onto L’ and H’ onto L 


. maps H* onto L’ and A onto L’ 
(CSIR NET June 2011) 


. Let Ube an open subset of C containing 


{z eC: \z| = 1} andlet f:U — C be the map 


=v for ae D and 


defined by f (z)=e” ; 
y €[0,2z]. Which of the following 
statements are true ? 

1. [F (e)|=1for 0<0<22 

2. f maps {z E C:|z|< 1} onto itself 
3. f maps {z E C:|z|< 1} into itself 


4. f is one one 
(CSIR NET Dec 2011) 
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3. For ze Cof the form z=x+iy, define open unit disc. Suppose that f is a Mobius 


2z+1 
5z+3 
. maps H* ontoH* andH ontoH 


The function f (z)= 


1 

2. maps H* ontoH andH onto H* 
3. maps H* ontoL* andH ontoL 
4 


. maps H* ontoL andH ontoL* 
(CSIR NET June 2012) 


. Let f(z)=z4~ for ze C with z #0. 
Zz 
Which of the following are always true ? 
. f is an analytic function on C\{0}. 


. f 1s aconformal map on C\{0}. 


. f maps the unit circle to a subset of the 
real axis. 


. The image of any circle in C\ {0} is 


again a circle. 
(CSIR NET Dec 2012) 


. Let f=, Which of the; following 

is/are true? ° 

1. f maps {|z|<1} onto {Re(z)>0}. 

2. f maps {|<[<1,Imi(z)>0}, onto 
{Re(z)>0,Im(z)>0}. 

3. f maps {lz (z)<0} onto 
{Re(z)<0,Im(z)<0}. 

4. f maps {lz \ onto {I m(z )>o}. 

(CSIR NET Dec 2013) 


6. Let H ={z=x+iyeC:y>0} be the upper 


half plane and D = {z E C:|z| = 1} be the 


transformation, which maps H conformally 

onto D. Suppose that f (2i)=0. Pick each 

correct statement from below. 

1. f has a simple pole at z=—2i. 

2. f satisfies f (i) f (-i)=1. 

3. f has an essential singularity at 
Z=-2i. 


A. f2+28)=. 


(CSIR NET June 2016) 


. Consider the Mobius transformation 


f(z) se. zeC, 220. If C denotes a 
a 


circle with positive radius passing through 
the origin, then f maps C \ {0} to 

1. acircle 

2. a line 

3yva line passing through the origin 


4. a line not passing through the origin 
(CSIR NET June 2017) 
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Chapter - 6 


Some more topics 


6.1 Maximum and minimum modulus principle 


Maximum Modulus Principle : Let D be a domain and OD denotes its boundary. If a function f is 
non-constant and analytic on DUOD then | ia (z) attains its maximum on oD. 

Minimum Modulus Principle : Let D be a domain and 6D denotes its boundary. If a function f is non 
constant and analytic on DUOD and f (z) #0 for all ze D then | hd (z) attains its minimum on oD. 
Maximum modulus theorem : Let D be a domain and 0D denotes its boundary. If a function f is 
non-constant and analytic on D and continuous on DU@OD then | f (2) attains its maximum on oD. 


Minimum modulus theorem : Let D be a domain and 6D denotes its boundary. If a function f is 


non-constant and analytic on D, f (z) #0 for all ge D and continuous on DU@OD then | f (z) 


attains its minimum on oD. 


Remarks : 
1. The function f (z) =z" is analytic and.non-constant on jz|<1 and minimum value of | ¢ (z) iS 


attained on the point z=0, which is not a point of the boundary. Is this a contradiction to 
minimum modulus principle. 


. Another version of maximum modulus principle : If a function f is analytic within and on the 


boundary of a domain D and | f (<) assumes the maximum value at some interior point of D, then 


f must be constant. 
Some Results : 


1. Maximum modulus of f(z) =az+b on the circular region |z|<1 is |a|+|b| and this maximum is 
attained at the point z=e'? where @ =arg(b)—arg(a). 
. Maximum modulus of f (z)=az+b on the circular region |z|<r is |a/r+b and this maximum is 
attained at the point z=re'’ where 6 =arg(b)—arg(a). 


. Maximum modulus of f(z) =az+b on the circular region |z —Zo| <r is lal({zo| +r)+ 1) ‘ 


4. Maximum modulus of f (z) = az" +b on the circular region [z| <1 is la| + 2 : 


Re(zy)+r 


5. Maximum modulus of f (z) = e* on the circular region |z Zo| <rise and this maximum 


is attained at the point z) +r. 
Exercise 6.1 
Find the maximum modulus and its point of attainment of the following function on the indicated 
region : 
(1) f(z)=2z+5i on |z|<1 (2) f(z)=-iz+i on |z|<5 
(3) f(z)=z7+4z on |z|<1 (4) f(z)=z? +3z-1 on [z|<1 


(5) f@)jez on jz—-1-i|<1 (6) f(z) =(iz+3)° on z\<1 


(7) f (z)=-2iz? +5 on |z|<1 (8) f (z)=(2-2-2y3i) on |Z} 


Answers 


1. 7at z=i . 3. Sat z=1 


5. 342,/2 


6.2 Schwartz Lemma 


Schwarz Lemma : Let D={z eC :|z|<1} and f : DD be an analytic function such that z =0 is 
a simple zero of f(z)éie., f(0)=0, f'(0) #0. 

Then 

(i) | (z)|S|z| forall’ ed. 

(ii) |f(0)| <1. 

Further, inequality holds either in (i) for some z, #0 or in (ii) iff f(z) =cz with |c|=lie.,f isa 
rotation: 


Proof: Let f(z)=a,)+a,z+a,z°+...... be the Taylor’s series expansion of f(z) in D. Now, 


f (0) =0 gives a, =0 so that f(z) =a,zZ +A,2° + ae + 


Here, f '(0)=a,. Now, we define a function g on D by g(z)= 
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Then, clearly, g is analytic on D— {0} and continuous on D, so by Riemann’s removability theorem, 
g must be analytic on D. Now, we claim that |g (z) <1 for all zeD. Let O<r<1 and 


D, = {z : \z| < r\, then g is analytic on D, and continuous on its closure D, = {z : [z| < r}. Therefore, 


maximum modulus theorem is applicable. Now | ia (z) <1 for all zeD so for [z| =r, we have 


(Ae! 


er 


Lx : is an upper bound of |g (z) on [z| =r.So by maximum modulus theorem, 
r 


we obtain |g (z)| a - for all [z| <r. Since r is arbitrary, by letting r 1, we obtain that |g (z) <1 for 
r 


f(z) 


& 


all zeD => <1 forall zeD => f(z) Sle for all z € Dewhich proves (i). 


To prove (ii), we see that |e (z) <1 for all ze D. Taking g=0) we have |g (0) aL Ss iF '(0) <1. 
Further, equality holds in (1) for some z, #0, z) € D implies that | f (<,)| = \Z0| L€., |g (z.) =1.It 
follows that g attains its maximum modulus at an interior point z,. Therefore, by maximum modulus 
theorem, g must be a constant function, say g (z) =c,for all ze D. Then, |g (z.) =1 gives lc| =1 and 
SO raed) =cz with lc| = 

Also, equality holds in (ii) implies that |f '(0) =1 1e., |g (0) =1, which shows that g attains its 


maximum at interior point z =0. By above reasoning, we obtain the required result at once. 


General version of Schwartz Lemma : Let f(z) be analytic in |z—a|<r such that f(z) has a zero 


of order n at z >a@yand \£(z)| <M for all z in |z—a|<r. Then 


n 
ee for all z in |z-a|<r. 
r 


F(z) 


Gi) [f(a 
Further equality holds in (i) (for some z¥#a) or in (ii) if and only if tz) is of the form 


7 Mc(z-a)" 


f()-= 


where |c| =1. 


Schwartz Pick Lemma : Let f(z) be analytic in D= {z ‘lzl< 1} such that |f (z)| <1 for all z in D. 


2 
Then (i) ras for all z in D. 
LZ 


(ii) Plz) Fla) <|£—") forall a and zin D. 


I-F(a)F (2) Wa 


lf Ol+leI 
1+]F (0}|[z| 


Remark : Schwartz Lemma is a special case of Schwartz Pick Lemma. 


for all zin D. 


(iii) [f(z)| 


Exercise 6.2 
1 
. Prove that there exists no function f that is analytic in D s.t. f e 


1 
Prove that there exists no function f that is analytic in. D such that | f (z) no 2) = 


1 
. Find the estimate of f (+ where fis an analytic function from D to Ds.t. f Gg =0. 


= i. At 
. Prove that there exists no functionyf.:D— D st. f Gq =0 and f (-5 = = 


: ee : 4 
. Prove that the existence of the function is guaranteed in above question if 0 is replaced by = 


= 1 
. Show that there exists an analytic function f:D—>D st. f (5) =0 and f [-+) = 


a 
4 
<-. 
3 


1 i. 
. Proye,that there exists an analytic function f:D—D st. f Gq =O and f (5 
. Prove that there exists an analytic function f:D—>D st. f (0) => and f ‘( ) = 


3 


= 1 1 
. Prove that there exists no function f:D—D st. f G == and (3) = re 


10. Does there exists an analytic function f :D—D with f (0)= 5 and f'(0)= 


11. Does there exists an analytic function f :D—D with f(O)= +s and f'(0)= 
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6.3 Rouche’s theorem 


Rouche’s theorem : Let f(z) and g(z) are analytic within and on a simple closed contour C such 


that |g (z) < If (z) for all zon C (i.e. boundary) then f(z) and f(z)+g(z) has same number of 


zeros inside C, counting multiplicity. 


Exercise 6.3 


. Determine the number of zeros, counting multiplicities, of the polynomial 
Gy) 257 be 82 (ii) 2z4-223 4277-2249 (ii) 2/4477 +z-1=0 
inside the circle |z|=1. 

. Determine the number of zeros, counting multiplicities of the polynomial 
() 24432346 (ii) 24-223 +92742-¥ (ii) 2° +3z2 +27 41 
inside the circle |z|=2. 

. Determine the number of roots, counting/multiplicities, of the equation 22° -6z7 +z+1=0 in the 
annulus 1< Fd a6 

. Show that the polynomial z°+5z2++47 has no zeros in [z| <1, four zeros in [z| <2 and all the six 


zeros in [z| <3. 


. Show that all the seven zeros of the polynomial z’ +10z° +14 lie within the annulus 1< [z| a4 


. Show that the polynomial 4z4 +2(1-i )z +1 has one zero in [z| < : and three zeros in the annulus 


a2 z|<1. 
y) 
. Show that all the roots of the equation z+4+6z+3=0 are inside the circle [z| =2. 


. Show that if c is a complex number s.t. Ic| >e, then the equation cz” =e* has n roots, counting 


multiplicities, inside the circle [z| =, 


. How many roots of the equation 6z¢+2°-7z7 —z+1=0 lie in the disc [z| <1. [NET Dec.2010] 


Answers 
(iii) 3 2.G)'3 (ii) 2 (iii) 5 
6.4 Argument Principle 


Argument principle : Let C be a simple closed contour lying entirely within a domain D. Suppose 
is analytic in D except at a finite number of poles inside C, and that f (z) #0 on C. Then 

| J (2), -N—P 

271 ra f (z ) 
where WN is the total number of zeros of f inside C and P is the total number_of poles of f inside C 


(counting multiplicities). 


Exercise 6.4 


In problems 1-2, evaluate the integral > ft) dz forthe given function f and closed contour C : 
Cc 


1. f(z) =z° -2iz* +(5-dz7 +10 , C encloses all zefos of f 


(z—3iz—2)* 
2(z7 —27+ ay? ; 


Dif Ge Cis => 


In problems 3-6 , evaluate the given integral on the indicated closed contour C: 


2 


2z+1 . Zz ; 
3. dz ,C =) 4. ®~—adz ,C =3 
fori .cisl faige Cisk 


5. cot zdz , Cis the rectangular contour with vertices 10+7,—4+7,-—4-i and 10-i 
CG 


6. Guan atzd: , Cis |z-1|=2 
Cc 


Answers 


2. —l8zi 3. Ani 4. 27 5. 107i 
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6.5 Constant function theorem 


Little Picard theorem : A non-constant entire function can omit atmost one value. 
OR 


If an entire function omit two or more values, then it becomes constant function. 

Result : (i) e~ =C—{0}, ie., the function f(z) =e* omit the number zero. 

Gi) sinC=C, cosC=C, sinhC=C, coshC =C, Le., sin z, cos z, sinh z and cosh z,omit no 
complex number. 

Constant function theorem : Let f(z) =w(x,y)+iv(x, y) be an entire function. Then if any one of 
the following conditions is satisfied then f (z) will be a constant function. 


1. f'(z)=0 2, Re(f (z))is constant Im ))is constant 


Te 
£(2 ))is bounded 
f(z 


2k 


Re( f (z)) <k ; |f z) is harmonic 


7 Im(f (z))is bounded Z . Im 


( 
| f (<) is constant . Arg(f(z)) is constant . Re(f( 
( 
( 


: f(z) is analytic in D 14. n=v? 
. au+bv=c; where a,b and c are‘complex constant 
. If u(x,y) and v(x, y) are harmonic conjugate of each other. 
Open mapping theorem : A non-constant analytic function maps open set to a open set. 
or 
If image of an open set is nobepen under an analytic function then the function is a constant function. 
or 
Let f be a non-constant analytic function on a domain D. Let x, be an interior point of D then f(x)) 
is aninterior point of f(D). 
Corollary ;: If f is an analytic function in a domain D and f(D) lies on a curve then function is a 


constant function. 
Result : A non-constant entire function can have atmost countable zeros. In other words, a non- 


constant entire function has either finitely many zeros or denumerable zeros. 


6.6 Some more theorems 


Extended Liouville’s theorem : Let f :C —C be an entire function such that 


|f(2|<SA+B|z) ; AB>0, keNU{O} (|f@|<lz|') for sufficient large Z, then f is a 


polynomial of degree atmost k. 

Riemann’s Removability theorem : Let f be a continuous function a domain D CC andanalytic on 
D except the points of line segment ( or a fine curve in D ) then f is analytic in D. 

Picard’s theorem for meromorphic functions : A non constant meromorphic function can omit 


atmost two points. 


J.R. INSTITUTE OF MATHEMATICS 


189/35 BEHIND RAILWAY STATION, VAISH COLLEGE ROAD, ROHTAK PIN-124001 (HARYANA) 
E-mail us on - jrinstituterohtak@ gmail.com, balwanmudgil54@ gmail.com Mob. 8607383607, 9802177766 


Page 1 


True-false exercise 


There exist an analytic function f defined 
on C\ {0} such that f'(z) =1/z 


There exists an analytic function f of A 
onto itself such that 

f() =1/2, fd/2)=1/3 and 
fQ/3)=1/4. 


There exists an analytic function 
f : AA such that f(1/2) =0 and 


|f '/2)|<4/3 


There exists an analytic function 
f :A—-A such that f(0)=1/2 and 


f'() =3/4. 


There exists an analytic function 
f : AA such that f(1/2) =3/4 and 


f'Q/2)=374. 


If f and g are two entire functions such 
that ef +e =1, then f and g areconstant 
functions. 


If f is entire and Re f(z) is bounded as 


[z| — oo, then/f is constant. 


Suppose f is entire whichytakes real z into 
real and purely imaginary into purely 
imaginary. Then f is an odd function. 


If fois entire such that f omits a non-empty 
disk, then f 4s constant. 


. An entire function f whose imaginary part 
is the square of the real part is constant in 
Cs 


. If k #1 is a fixed constant and f is entire 
such that f(z) = f(kz) for all zeC, thenf 
is constant on C. 


If f =u+iv is entire and u* <v* + 2004 


on C, thenf is a constant. 


. All the roots of the polynomial 


p(z) =1+z4+2°+2z°+2z"* have absolute 
value less than 2. 


_If f =u+iv is analytic in a domain D such 


that au +bv is constant, where a, bare real 
constants (not both zero), then f is 
constant. 


.Iff is analytic invC,, except for a finite 


number of poles, then,the number poles and 
zeros of f (counted according to 
multiplicity) are equal. 

1 


dz =-271. 
We" -1-2z 


Iz| 


Assignment 


1. The number of zeros, counting multiplicities, of 


the polynomial z° + 3z°+z7+1 inside the 

circle |z|=2 is 

1. 0 2.2 3. 3 4,5 
(GATE 2004) 


2. If f(z)=z° —3iz”+2z+i-1 and C encloses 


F(z)... ; 
zeros of f (<) then I. dz is 
f(z) 
1. 527i 2. 0 
3. 10zi 4. None of these 


3. Let f be a polynomial function on the entire 


complex plane, such that f (z) #0 for z such 


f(z) dz 
f(z) 

. can take only integer values 

. can take any value 

. is Zero 

. is equal to degree of f 


that |z|<1. Then, = | 
aii k= 


f(z) 
(z) 
2 2 
(<°+1) . . 
cae: =—_———— and Cis the circle ||=3 
(2? +3z+2) 
with positive sense, is 
1. 27i 2. -27ni 
3. Ani 4. —4zi 


dz , where 


4. The value of I. 


5. The number of roots of the equation 
z -12z7+14=0 that lie in the region 


{zec:2skl<3} iS 


1:°2 2:3 3. 4 4.5 


6. Let T be the closed unit disk and OT be the unit 
circle. Then, which one of the following holds 
for every analytic function f :T >C. 


1. | f | attains its minimum and its maximum of 
oT 

2. | f | attains its minimum on OT but need not 
attain its maximum on OT 

3: | f | attains its maximum on OT but need not 
attain its minimum on 0T 

4. | f | need not attain its maximum on 07 and 


also it need not attain its minimum.on 0T 
(GATE 2008) 


7. Let f (Ga a —1. Then, the maximum value of 
|f (z)| on the unit disc D={z EC :|z|< 1 


equals to 
1. 1 202 343 4. 4 
(GATE 2007) 


8. Let f (z) be defined on the domain 
E: Iz —2i | <3 and on its boundary OF . Then, 


which one of the following statements is 
always true ? 


1. If fAz)is analytic on E and f(z) #0 for 
any zin E, then | f | attains its maximum on 
OE 

2. If F(z) is analytic on E UOE, then |f| 
attains its minimum on OE 

3. If f (z) is analytic on E and continuous on 
EVU0OE, then | f | attains its maximum and 
minimum on dF 

4. If f (z)is analytic on EUOE and 


f(z) #0 for any zin E UOE, then If 


attains its minimum on CE 
(GATE 2004) 


9. Let f: D—D bea holomorphic function 
with f (0) =0, where D is the open unit 
disc {z E C:]z| < i}. Then 


(CSIR NET Dec 2012) 


10.Let a,b,c be non collinear points in the 


complex plane anddet*A denote the closed 
triangular region of the plane with vertices 
a,b,c . For.zeA, let 

h(z) = \2—a}*|z—b]-|z —cl. The maximum 
value of the function h : 

1. is not attained at any point of A. 

2.48 attained at an interior point of A. 

3. is attained at the centre of gravity of A. 


4. is attained at a boundary point of A. 
(CSIR NET Dec 2013) 


. Let p(z),q(z) be two non zero complex 


polynomials. Then p (z) qd (z) is analytic if 
and only if 

1. p(z) is constant 

2. p(z)q(z) is constant 


Bs q(z) is a constant 


4. p(z)q(z) is aconstant 
(CSIR NET June 2013) 


. Let f be a non constant entire function. 
Which of the following properties is 
possible for f for each ze C? 


1. Re f(z)=Im f(z). 
|f (z)|<1. 
. Im f (z)<0. 


LaF (z)#0. 
(CSIR NET Dec 2013) 
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13. If Gis aregion and f is non constant analytic 19. The origin and the points representing the roots 


function on G. Then, open mapping theorem 
states, for any open setU CG 


1. f(U) is closed 2; f(U) is open 
3. f(U)=U 4. None of these 


_ If f (z)=u +iv is analytic and (u,v) lies on a 
circle of unit radius with centre origin for all 
values of z<€C, then 


. f (z) has countably infinite singularity 
. f (z) is non constant entire function 


oo OF (z) is meromorphic function with non 
empty set of singularity 
. f (z) is constant 


. It Dis the open unit disk in C and f:C>D 
is analytic with f(10)=5, then f (10+) is 
= y= ae Ae 
2 2 2 2 
. Let f:C Cs. f (z)=e*, then 


. f (z) is univalent but not onto 


1. 


: f(z) is univalent in |z|<a for a> but 
not onto 
sf (z) is univalent in [2 <7 and onto on C 
4. f (z) is univalent in Fa <a but not onto 


therein 


. Let f =u+iv be analytic.in a connected open 


set D where u and v are real valued. If u and v 
satisfies thercondition 2u4+3v=1, then 


1, f'(0)=1 2. f'(0)=0 
3. 7'(0)=2 4. f'(0)=3 


. Let be an entire function and satisfies the 
following two equations 


Fes #1)=f (z), f (z+i)=f (z) for every zin 
C, then 

Le f'(z)=F (2) 

2. f(z)ec 

3. f =constant 

4. f is non constant polynomial 


of the equation z+ pz+q=0 form an 
equilateral triangle if 


1. p=3q? 2. p=3q 
2. o Sa 4. p°=3q 


. The number of roots of the equation 


z§—4z°+2z°-1=0 that lie inside the circle 
Fa =1 (Using the Rouche’s theorem) is 


1. 8 > 5 
3. 6 4. None of these 


. Tf f (z)=z° +2, then the minimum value of 


|f (z)| over the closed region Fa <1is 
1. 0 2. 1 3. 3 


. Let h(z) is analytic in the whole plane, 


h(0)=3+4i and |h(z)|<5 in |z|<1. Then, 
choose the incorrect statement 
1. h(z) is bounded 


2. h(0)=0 
3. h(z) 
4. h(z) 


. A(z 


is analytic at z=0o 


is non constant polynomial 


. Let f (z) be an entire function such that for 


some constant a, f(z) sezi and |z/21 and 
f (z)=f (iz) for all zeC, then 
1. f (z)=az’, VzeC 


. f (z) is a constant 


2 
3. f (z) is a quadratic polynomial 
4. No such f (z) exists 


. If f is an entire function, then 


1. f has a power series expansion 

2. f has not a power series expansion 
3. f is constant 

4. None of above 


. Let f(z) be analytic on D={z e:|z -1|< 1 


such that f (1)=1. If f(z)=f(z’),vzeD, 


then which one of the following statements is 
not correct ? 


1. f(z)=[F(z)] veeD 


(GATE 2010) 


. Let S be the open unit disk and f:S —C bea 
real valued analytic function with f ( )=1. 
Then, the set {z eS if (z)# 1} is 


1. empty 2. non empty finite 
3. coutably infinite 4. uncountable 
(GATE 2008) 


. Let s={0}u| 
4n+7 


n=l oof . Then, the 


number of analytic functions which vanish only 

on S is 

1. infinite 2. 0 3. 1 4.2 
(GATE 2007) 


. Let f (z) be an entire function such that 
|f(z)|<K z|, Vz€C, forsome K >0. If 
f (I)=i, the value of f (i) 1S 


1. 1 2. -1 3. i 4. -I 
(GATE 2011) 


. Consider the functions f,g: CC 
defined by f (z)=e*,g(z)=e%. Let 
S={z e€C:Reze [-7, 2]. Then 


1. f is an onto entire function. 
2. gis a bounded function on C. 
3. f is bounded on S. 
4° gis bounded on S. 
(CSIR NET Dec 2012) 


30. Let,f be a non constant holomorphic 


function in the unit disc {|z|<1} such 


that f (0) =1. Then it is necessary that 
1. there are infinitely many points z in the 
unit disc such that |f (z)|=1. 


2. f is bounded. 
3. there are at most finitely many points z 


in the unit disc such that |f (<)[=1. 


4. fis arational function. 
(CSIR NET Dec 2013) 


. Suppose f and g are entire functions and 


g(z) #0 for all zeC. If |f(2)|<|g(2)], 
then we conclude that 
1. f(z) #0 forall zeC. 
2. f is a constant function. 
3. f(0)=0. 
4. forsome CEC, f(z) =Cg(zJ. 
(CSIR NET Dec 2016) 


. Let f and g be two entire functions,such 


that Re( f(z))<kReg(z) WV zeC then 


which of following is true 


1. f and g are constant functions 
2. f(y=ag(z)t+b 
3. g(z) =? 


4» None of these 


. Let f is an entire function and 


LF(o|< A+B|cp then 


1. f is constant 
2. f is a linear polynomial 
3. f is quadratic polynomial 


4. f can’t be entire 


. Let f be an entire function such that 


[f (2 = \z| then 


l. f(z)=a+bz 
2. f(z)=atbz’ ; bls 


3. f is constant 


4. f(z) isa polynomial of degree >3 


. Suppose that f is a non-constant analytic 


function defined over C. Then which one 
of the following is false ? 

1. f is unbounded 

2. f sends open sets into open sets 


3. There exists an open connected domain 
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U on which f is never zero but |f /U| 


attains its minimum at some point of U 
4. The image of f is dense in C 
(CSIR NET June 2018) 


. Let f: D—D be holomorphic with 
1 
f (0)=5 and f [5 o. where 


D={z:|z|<1}. Which of the following is 


correct ? 


(CSIR NET June 2011) 
. Letf be a holomorphic function on 
D={z E C:|2| < 1} such that |f (2) ql. 
Define g:D >C by 

F(z) if ze D,z 40, 


if z=0 
Which of the followimg statements are 
true ? 
1.«g@%s holomorphic on D 


2. |g(z))<1 forall zeD 
3»|f(z)|<1 for all zeD 
4 |f'(0)|<1 (CSIR NET Dee 2011) 


. Let f: D—-D be holomorphic with 


f (0)=0 and s(3}-0 , where 


D ={z:|z|<1}. Which of the following 


statements are correct ? 
1 4 
1. | f'| —|/<- 
r(a)s3 
2. |f'(0)/s1 
3: r() <= and | f’(0)|<1 


4. f(z)=z,z eD 
(CSIR NET, June 2012) 


. Let D={zeC:2/<1}. Which of the 


following are correcty? 
1. there,exists a holomorphic function 


f:D—>D with f(0)=0 and f'(0)=2 


2. there exists a holomorphic function 


3\ 3 
>D —> D with — |=— and 
f (3) : 


3. there exists a holomorphic function 


3 3 
:D—>D with — |=-— and 
f (2) : 


3 


4 
4. there exists a holomorphic function 


f:D—-D with (3) and 


(CSIR NET June 2013) 


. Let D={z € C:|z|<1}. Then there exists a 


holomorphic function f:D— D with 
f (0) =0 with the property 


“hel! 
4, #"(0)=see{ =) 


(CSIR NET June 2014) 


. Let B be an open subset of C and OB 
denotes the boundary of B ; then which of 
following statements are correct : 

. for every entire function f we have 

O(f (B)) < f (OB) 

. for every entire function f and Q bounded 


open set B we have 0( f(B)) Cc f (OB) 


. for every entire function f we have 
O( f(B)) = f (OB) 


. There exist an unbounded open subset B of 
C and an entire function f such that 
O(f (B)) < f (OB) 

(CSIR NET Dec 2014) 


. Let fbe an entire function. If Ref is 
bounded then 
1. Imf is constant 
2. f is constant 
3. f=0 
4. f' is anon zero constant 
(CSIR NET June 2011) 


. Let fbe an entire function. If Im f20, 
then 
1. Re fis constant 
2. fis constant 
3. f=0 
4. f'is anon zero‘constant 
(CSIR NET June 2012) 


. Let f be an entire function. Which of the 
following statements are correct ? 
1. f is constant if the range of f is 
containedvin a straight line. 
2. f 18 constant if f has uncountably many 
Zero. 
3. fs constant if f is bounded on 
12 €C:Re(z)< 0} 
4. f is constant if the real part of f is 
bounded. 
(CSIR NET June 2015) 


. Let f:C >C be an entire function. 
Suppose that f =u+iv where u, v are the 


real and imaginary parts of f respectively. 
Then f is constant if 


I {u(x.y):z =xtiye ch is bounded. 
2, {v(x,9):z =x+iye ch is bounded. 
eB {u(x,y)+v(x,y):z =x+tiye Cc} is 
bounded. 
4, {u? (x,y) +? (x, y):z =x+iye Cc} is 
bounded. 
(CSIR NET June 2016) 


. Consider the polynomial 


5 9 
PGs) -[ Ser] Sine" where 
n=0 n=0 


a,,b, € R Vn,as #0, by #0. Then 


n? -n 


counting roots with multiplicity we can 
conclude that P(z) has 
1. at leasttwo real roots. 
2. 14 complex roots. 
3. no real roots. 
4. 12 complex roots. 
(CSIR NET Dec 2016) 


. Let D be the open unit disc in C. Let 


g:1) > D be holomorphic, g(0)=0, and 
let A(z) “A Oe 
g'(0), z=0 
Which of the following statements are true? 
1. his holomorphicin D 2. hD)cD. 
3. |g'(0)/>1 4. |g(1/2)|<1/2 
(CSIR NET Dec 2016) 


. Let f be an meromorphic function on C 


such that |f(2)| re [z| at each point z when f 


is holomorphic then which of following 
is/are true ? 
1. The hypothesis are contrary so no such f 
exist 
. there is a unique f satisfying given 
condition 


. such f is an entire function 


. there isa AeC such that |A| >1 and 


f(=Az V zeEC 
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14. Let R be the of all entire functions; then True false key 


under pointwise addition and ; 2. 7 3. T 


multiplication, which are true : : 6. T 7. T 


1. the units in R are precisely the no- d 10. T 11.T 


where vanishing entire function 14. T 15.F 


2. KR is integral domain 
3. R is field 
4. All of these 


Assignment key 


SEQ 


2. 3 3. 3 
Let f =u+iv, where u,v are the real and ; 6. 3 dei 


. Let D be the open unit disk centered at 0 in 
C and f :D)—C be an analytic function. 


10.. 4 11.3 
14. 4 135.3 


imaginary parts of f. If f(z) = Yan" is 


the power series of f, then f is constant if 18.3 ee 
1. f is analytic 22. 4 Dae 


2. u(1/2)2u(z) VzeD 26. | 27. 2 
30.3 31. 4 


3. The set {ne N|a, =0} is infinite 
34. 2 33, 3 


4. For any closed curve y in Dy 


d MCQ 
(2) te =) WaeD with |al21/2 aes oad ais 
4.234 5. 1,2 6. 2,4 
AD 8. 1,2 9. 1,2,4 
10. 1,234 1.120r124 = 12.1,2,4 
13. 3,4 14, 1,2 15. 1,2,4 


ee 


(CSIR NET June 2018) 


